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1 The main Results 



In this work we prove sharp interpolatory estimates that exhibit a new link between Riesz 
transforms and directional projections of the Haar system in M n . To a given direction e G 
{0, l} n ,e 7^ (0, . . . ,0), we let be the orthogonal projection onto the span of those Haar 
functions that oscillate along the coordinates {i : £j = 1}. When Ei = 1 the identity operator 
and the Riesz transform R io provide a logarithmically convex estimate for the LP norm of 
see Theorem 11.11 Apart from its intrinsic interest Theorem 11.11 has direct applications 
to variational integrals, the theory of compensated compactness, Young measures, and to the 
relation between rank one and quasi convex functions. In particular we exploit our Theorem ll.il 
in the course of proving a conjecture of L. Tartar on semi-continuity of separately convex 
integrands; see Theorem 11.51 

1.1 Interpolatory Estimates 

We first recall the definitions of the Haar system in IR n , indexed and supported on dyadic cubes, 
its associated directional Haar projections and the usual Riesz transforms; thereafter we state 
the main theorem of this paper. 

Let T> denote the collection of dyadic intervals in the real line. Thus I G T> if there exists 
i 6 Z and k G Z so that / = [i2 k , {i + 1)2 [. Define the Haar function over the unit interval as 

h[Q,l[ = l[0,l/2[ - 1[1/2,1[- 

The L°° normalized Haar system {hi : / G T>} is obtained from /i[o,i[ by rescaling. Let JeP, 
let // denote the left endpoint of /, thus // = inf I. Then put 

hj(x) = fy 0> i[ , x G K. 

Thus defined, the Haar system {hi : I G T>} is a complete orthogonal system in L 2 (IR). Next 
we recall its n dimensional analog. Let I±, . . . , I n be dyadic intervals so that \Ii\ = \Ij\, where 
1 < i,j < n. Define the dyadic cube Q C M n , 

Q = h x • • • x I n . 

Let S denote the collection of all dyadic cubes in IR n . To define the associated Haar system 
consider first A = {e G {0, 1}" : e ^ (0, . . . , 0)}. For Q — Ii x • - • xl n G S and e = (ei, . . . , e n ) G 
A let 

n 

h Q( X ) = n^fci): X=(x 1 ,...,X n ). (1.1) 

i=l 

We call {h { Q } : Q G S, e G A} the Haar system in W 1 . It is a complete orthogonal system in 
L 2 (W n ). Hence for u G L 2 (R n ), 

u= J2 {uM$)h { $\Q\-\ (1-2) 
s<=A,QeS 

where the series on the right hand side converges unconditionally in L 2 (IR n ). For e G A define 
the associated directional projection on L 2 (M. n ) by 

P^(u) = ^(u,h$)h$>\Q\-\ u G L\W). 
QeS 
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The operators P^ e \e E A, project onto orthogonal subspaces of L 2 (R") so that 



u 



\\ U \\2 = 

e&A 

given as 



and Ni 2 2 = En p(£) wii 2 2 - 

seA 

Let J 7 denote the Fourier transformation on 

F(u)(£)= f e- i{x '°u(x)dx, ^6 1", x£l 
The Riesz transform Ri (1 < % < n) is a Fourier multiplier defined by 



(1.3) 



-LP" 1 ( ||^(«)(0 ) (x) where £ = • • • , & 



The analytic backbone of this paper is the following theorem showing that the norm in L p (R n ) 
of P( £ \u) is dominated through a logarithmically convex estimate by R io (u), provided that a 
carefully analyzed relation holds between i (appearing in the Riesz transform) and e defining 
the directional projections P^ £ \ 

Theorem 1.1 Let 1 < p < oo and l/p+ 1/q = 1. For 1 < i < n define 

A k) = {e E A : £ = (ei, . . . e n ) and e io = 1}. 
Let u E L p (M ra ). If e E A- l0 then P^ and Ri are related by interpolatory estimates in L p (W n ), 

\\p {£ \u)\\ p <cM\y 2 \\^my 2 */ p>2, 

and 

\\p( s \u)\\ p < cMlHRM\\l /q if P<2. 

The exponents (1/2, 1/2) for p > 2 and (1/p, 1/q) for p < 2 appearing in Theorem II .11 are sharp. 
We show in Section [7] that for r] > 0, 1 < p < oo and iV >> 1 there exists u = u VjPi n £ LP so 
that 

||P w («)||p>iV|H|J/ 2 -'||i2 j0 (tt)||J/ s ^ if p>2, 

and 

iip^Hii P >ivi| M |iy^ii^ ( M )ii^ if P <2. 



A first consequence of Theorem 11.11 In the next subsection we will show how Theorem 
11.11 is used in problems originating in the theory of compensated compactness. To this end we 
formulate here a concise inequality that follows from the above interpolatory estimates, and 
record its immediate consequences. See (jl.5p - (jl.7p . 

Let 1 < j < n. Let ej E A denote the unit vector in IR n pointing in the positive direction of 
the j — th coordinate axis, ej = (0, . . . , 1, . . . , 0), where 1 appears in the j — th entry. By (11. 3p 



u 



_ p( e j). 



u 



eeA\{e 3 } 



The above identity and the estimates of Theorem 11.11 combined yield the inequality 



i«-p<«.>Miip<c p ,„ii«iiy 2 



l<j<n 



\Ri(u) 



1/2 



p>2. 



;i-4) 



On L p (IR n , IR") define the vector valued projection P by 

where v : IR n — > IR n , t> = (t> i, . . . , v n ). Applying (11.41) to each component of v yields 

(ran \ V2 

E E II^-NIIp (!-5) 

Assume now that (tv,i, . . . , v r>n ) is a sequence in L p {R n , W n ) so that 

lim ||i2j(t) r ,-)|L = for 1 < i < n, i ^ j. (1.6) 

The assumption (11.61) and the estimate (11.51) imply that 

lim ||(v rl , . . .,v r)n ) -P((v rl , . . .,v rn )) ||p = 0. (1.7) 

r— »cx3 

Being able to draw the conclusion ( j 1.7ft from the hypothesis (11.61) provided the main impetus 
for proving Theorem 11.11 

1.2 Lower semi-continuity and compensated compactness 

Here we provide a frame of reference for the problems considered in this paper. We review 
briefly some of the ideas of the theory of compensated compactness which has been developed 
by F. Murat and L. Tartar [121 O ESI EZ] ■ 

Weak lower-semicontinuity and differential constraints. Fix a system of first-order, 
linear differential operators A. It is given by matrices Ay> e M pxd , % < n, so that 

n 

A(v) = Y,^d l (v), 

i=l 

where v : W 1 — > IR d and di denotes the partial differentiation with respect to the %— th coordinate. 
To A we associate the cone A C M. d of "dangerous" amplitudes. It consists of those a G M. d for 
which there is a vector of frequencies £ G M n ,£ 7^ 0, so that for any smooth h : R — > K the 
function 

w(x) = ah((£,x)), 

satisfies 

X(tw) = 0. 

Thus, to a G A there exists a non-zero £ G M™, so that ^4(w m ) = for the increasingly oscillatory 
sequence 

w m (x) — asin(m(£, x)), m G N. 

Since £ 7^ there is zo < n so that the sequence of partial derivatives di w m is unbounded while 
A(w m ) = 0. In other words, the linear differential constraint A(w) = does not imply any 
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control on the partial derivative <9j . Expressed formally, the cone of "dangerous" amplitudes is 
given as 

A = | a G R d : 3£ G R n \ {0} such that &A {l) (a) = 

The methods of compensated compactness allow one to exploit a given set of information 
on the differential constraints A(v) (respectively on A) to analyze the limiting behaviour of 
non-linear integrands acting on v under weak conmvergence Consider a sequence of functions 
v r : R n -> R d so that 

v r ^v weakly in L p (R n , R d ), (1.8) 

and 

A(v r ) precompact in W~ 1,p (R n ,R d ). (1.9) 

The following comments are included to clarify the relation between the hypotheses ( 11.81) and 
(fOD. 

1. Had we imposed, instead of ( 11.8j) . that v r — > v strongly in L p (R n , R d ), then dHHI) would 
hold automatically. 

2. More subtle aspects of the interplay between (11.81) and (11.91) are depending on the structure 
of A or A. For instance, in the special case when A(v) controls all partial derivatives of 
v, we use Sobolev's compact embedding theorem to see that (II .9p . implies that v r — > v 
strongly in L p (M n ,IR d ). This case occurs when A = {0}, 

3. The generic (and most interesting) case arises when A(v) fails to control some of the 
partial derivatives of v. This occurs when A ^ {0}. 

In the generic case one goal of the theory is to isolate sharp conditions on a given / : R d — > R 
that compensate for the lack of compactness provided by A, and ensure that (11.81) and (II. 9p 
imply 

liminf / f(v r {x))ip{x)dx > [ f{v{x))cp{x)dx, <p G C+{R n ). (1.10) 



Here (and below) C^(R n ) denotes the set of non-negative compactly supported continous func- 
tions on R n . Note that up to growth conditions on / and up to passing to subsequences of v r , 
the condition ( 11.10}) states that 

weak limit f(v r ) > fiy). 

In summary, based on knowledge of A or A one goal of the theory of compensated compactness 
aims at describing and classifying those non- linearities / : R d -> R for which (JTHD and ffL9]) 
imply (Onj) . 



Classical results on compensated compactness. We assume now that (11.81) and (II. 9p 
hold and that the differential operator A satisfies the so called constant rank hypothesis; for 
its definition see below. The classical results of compensated compactness, as developed by F. 
Murat and L. Tartar [EJ [HI [HI [IT] assert that a general non-linearity / satisfies (ll.lOp precisely 
when it is A— quasi-convex. Furthermore, in the special case of a quadratic integrand f(a) = 
(Ma, a) the constant rank hypothesis is not needed and the conclusion (11.101) is equivalent to 
A— convexity of f(a) = (Ma, a). We state now explictely the characterizations mentioned above, 
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and recall the notions of A— convexity, A— quasi- convexity, and the constant rank hypothesis 
on A. 

A function / : R d — > R is A— convex if 

f(Xa + (1 - A)6) < Xf(a) + (1 - A)/(6), a -be A, < A < 1. 
The following result is due to F. Murat [12], [13] and L. Tartar [17] . 

Proposition 1.2 If for every sequence v r : M n — » R d 7 i/ie hypotheses ( 11. 8ft and ( 11 .9j) imply 
(TLTOj) . i/ien / : R d -> R zs A — convex. 

Thus A— convexity is a necessary condition on / for (11. 8p and (11.91) to imply (ll.lOp . If, moreover 
/ is quadratic, 

f(a) = (Ma, a), Me R dxd , a e R d , 
then A— convexity is already sufficient. This is the content of the following result by L. Tartar 

D3I- 

Theorem 1.3 Assume that f is quadratic and A— convex. Then, for every sequence v r : R™ — > 
R d , (EHD and flTE]) impZj/ (ITTTOD . 

We next review the results beyond the case of quadratic integrands. They involve the 
notion of A— quasi-convexity and the constant rank hypothesis. We define / : R d — ► R to be 
A— quasi-convex if 

/ f(a + u(x))dx>f(a), (1.11) 
J [o,i] n 

for each smooth and [0, l] n periodic u : R n — > R d , that satisfies L m = and ^4(m) = 0. Note 
that ( 11. lift asks for Jensen's inequality to hold under the decisive restriction that A(w) = 0. 
It was proved essentially by C.B. Morrey [8] that A— quasi-convexity implies A— convexity (see 
[3]). The linear differential operator A satisfies the constant rank hypothesis if there exists 
r < n so that 

rk(A(0)=r, £e§"-\ 

where 

n 

a(o = $>a«. 

i=l 

The next theorem provides a full characterization of those integrands / for which (II. 8p and 

CE3D imply pnoji . 

Theorem 1.4 ( |14j ) Let < /(a) < C(l + |a| p ) and assume that A satisfies the constant rank 
hypothesis. Then f : R d — > R is A— quasi-convex if and only if ( 11.81) and ( 11. 9ft imply ( 11.101) . 

A crucial component in the proof of Theorem 11.41 links the constant rank hypothesis and A— 
quasi-convexity as follows: 

1. Let v : R n — > R d be [0, l] n periodic and of mean zero in [0, l] n . Under the constant rank 
hypothesis, there exists a decomposition of v as 

u = u + w, 

where 

A(u) = and ||iw||xp([o,i]n) < C||^l(u)|| W r-i, P ([o j i]n). 

The decomposition can be expressed in terms of an explicit Fourier multiplier, for which 
standard LP estimates are available, provided that the constant rank hypothesis holds. 
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2. Let now v r G L p ([0, l] n ,R d ) be a sequence of [0, l] n periodic, mean zero functions so that 
A(v r ) — > in H / ~ 1,p . Then, by the foregoing remark, we may split v r as v r = u r + w r so 
that 

A{u r ) = and ||ty r || p -> 0. (1.12) 

3. Assume moreover that / is A— quasi-convex. The decomposition 

v r = u r + w r (1-13) 
with the properties (j!.12p satisfies then 



' f(a + u r (x))dx>f(a), and \\w r \\ p — > 0. (1-14) 

[0,1]" 



Separately convex integrands. Wide ranging applications illustrate the power of Theo- 
rem 11.41 yet there are important linear differential constraints A, for which the constant rank 
hypothesis does not hold and the classical proof does not apply. Among the earliest examples 
considered is the following Aq, defined as 




i =j, 



where v : R n — ■> M n . Observe that for v = (vi, . . . ,v n ) the condition Ao{v) = holds precisely 
when v j : lR n —> R is actually a function of the variable x,i alone, that is Vi(x) = Vi(xi). By a 
direct calculation, the cone of dangerous amplitudes associated to Aq is given as 

n 

A = IjMe,, 

i=i 

where {e«} denotes the unit vectors in R™. It follows that the A — convex functions are just 
separately convex functions on R n . 

For the operator Aq the constant rank hypothesis, does not hold, since ker/lo(£) = for 
£ G {ei, . . . ,e n } and kerA (ej) = Re^, i < n. As a result the classical theory of compensated 
compactness for non quadratic functionals does not apply to the operator Aq. Nevertheless 
it is an important consequence of the interpolatory estimates in Theorem 11.11 that separately 
convex functions yield weakly semi-continuous integrands on sequences v r : R n — > R" for which 
Ao(v r ) is precompact in W~ 1,p (M. n , R ). The following theorem verifies a conjecture formulated 
by L.Tartar [12]. 

Theorem 1.5 Let 1 < p < oo. Assume that f : R n — > R is A — convex and satisfy < f(a) < 
C{1 + \a\P). Let v r : R" -> R" safe/y 

w r ^t; weakly in L P (R™, R n ), (1.15) 

and 

A (v r ) precompact in l^- 1 ' p (R n , R n ). (1.16) 

Then, 

liminf / f(v r (x))ip(x)dx> [ f{v(x))<p(x)dx, <p G C^(R n ). (1.17) 
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As discussed in [TO] this result implies that gradient Young measures supported on diagonal 
entries are laminates, and this in turn gives an interesting relation between rank-one convexity 
and quasi-convexity on subspaces with few rank-one directions. 

In the approach of the present paper we fully exploit the methods introduced in [10]. We 
base the proof of Theorem 11.51 on the decomposition given by the directional Haar projection 

v = P(v) + {v - P(v)}, 



invoke the interpolatory estimates of Theorem 11.11 and use the fact that A — convexity yields 
Jensen's inequality on the range of P : 

1. By inequality (11.51) . the norm of {v — P(v)} in L p is controlled by the norm of Ao(v) in 

2. The operator Ao does not exert any control over P(v). It is A — convexity that compen- 
sates for that. Indeed when / is separately convex we have the following form of Jensen's 
inequality 

/(/ P(v)dx) < [ f{P(v))dx. (1.18) 

\./[0,l] n / J[0,l] n 

By rescaling of (jl.lBp we get 

f(E M (P(v)))<E M (f(P(v))), veIS(R n ,R n ), MgZ, (1.19) 
where Em denotes the conditional expectation operatpor given as 

E M (g)(x)= f 9(y)^l R (x), geI?(R n ). 

Imn -ft 

{BeS:|B|=2- M "} ^ K 1 1 

We verify (11.181) below. The proof is based on the observation that Haar functions are 
exactly localized, three-valued martingale differences. 

3. Assume that / is separately convex and that v r G L p ([0, l] n ,IR n ) is a sequence of [0, l] n 
periodic, mean zero functions so that Ao(v r ) — > in W~ 1,p . With u r = P(v r ) and w r = 
{v r — P(v r )}, the decomposition 

v r = u r + w r (1-20) 

satisfies the central properties 

f(a + u r (x))dx>f(a), and ||w r || p — > 0. (1-21) 

[0,1]" 

The splitting fl 1 . 2 1) with the property (11.211) is parallel to the classical decomposition 
(I1.13P and (11.141) based on Fourier multipliers and the constant rank hypothesis. 

Jensen's inequality on the range of P. We prove (11. 18ft by induction over the levels of 
the Haar system. Fix ej, the unit vector in MJ 1 pointing along the j—th coordinate axis and a 

(e) 

dyadic cube Q — I\ x • • • x I n . The restriction of hq to the cube Q is a function of Xj alone, 
indeed 

hQ 3 \x) = h r .(xj), x e Q. 



S 



Hence for a = (di, . . . , a n ) and c = (c 1; . . . , c n ) we have the identity 

/(ai + ci/io l} (a;), ... , a n + c n h { n n \x))dx 



(1.22) 

/(ai + ci/i 7l (xi), ... ,a„ + c n h In (x n ))dx. 

Using (11.221) and applying Jensen's inequality to each of the variables Xi, . . . , x n of the separately 
convex integrand / gives 

/ f(ai + c 1 h% l \x),...,a n + c n hfr\x))dx>\Q\f(a). (1.23) 
J Q 

Next we fix v = (v±, . . . ,v n ) E L p (R n ,M n ) and assume that Vj is finite linear combination of 
Haar functions and not constant over the unit cube. Define 

4y= E cqJ$)\ CQj = (vs,hQ ) )\Q\- 1 - 

{QeS:\Q\=2' kn } 

Choose MeN and put 

M 
k=— oo 

By our assumption on Vj the sum defining Smj is actually finite, and there exists M with 
M > so that 

S MoJ = Pte\v j ), l<j<n. 

Choose now M < M . Fix a dyadic cube Q contained in [0, l] n with |Q| = 2~ Mn . Note that 
Sm-ij is constant on Q, and put Oj = Sm-ij{v) where y G Q is chosen arbitrarily. Furthermore, 

4m,j(z) = CQ,jhg J \x), x EQ. 
Then, using Smj = ^M-i,j + Amj an d (11.231) we obtain 

/ f{S M ,i{x),...,S M , n {x))dx= f (ai + c Qil h i Q 1 \x), . . . ,a n + CQ, n hQ n \x)) dx 
Jq Jq v • / (1.24) 

> |Q|/ (S M - lt i(y), S M ~i,n(y)) ■ 
It follows from ffl~24j) by taking the sum over Q C [0, l] n with \Q\ = 2" Mn , that 



f(SM,i(x),...,S M ,n(x))dx> / f(SM-i,i(y),-'-,SM-i,n(y))dy. 

[0,1]" ^[0,1]" 

We next replace M by M — 1 and repeat. Starting the process with M = Mq and stopping at 
M = 1 yields the claimed inequality 



/(SW ,i(x),...,SW ,„(a;))Gfa; > / / P(v] 

[0,l] n \J[0,l] n 



Proof of Theorem [L5] : Choose v G L p (IR n ,IR n ) and a sequence v r G L p (R n , M") so that 
f)1.15p and (jl.lfip hold. Let Cq((0, l) n ) denote the continuous, non-negative and compactly 
supported functions on the open unit cube (0, l) n . We first show the conclusion (11.171) under 
the additional restriction that 

i?l(o,i)« = const, and peC + ((0,l) n ). (1.25) 

Clearly we may then assume that f|(o,i) n = 0; since otherwise we replace / by /(■ + c). Next we 
choose a smooth function a G Cq((0, l) n ) so that a(x) = 1 for x G supp (p. By considering the 
sequence (av r ) instead of (v r ) we may further assume that 

v r -± weakly in L p and A (v r ) -> in (1.26) 

By ( I1.26P we obtain for t> r = (iv,i, . . . , v r>n ) that 

lim ||-Ri(fr,j)|Up(K«) = 0, i / j. 

Hence by (ITTTjl . 

lim \\v r - P(u r ) || L P (Rn, R «) = 0. (1.27) 

r— »oo 

Since / is separately convex and satisfies f(t) < C(l + |t| p ) we get 

- /(*)| < C(l + |s| + (tir 1 ^ - t|. (1.28) 
Using (11.281) and l/p + 1/q = 1 gives 

f(v r )ipdx= f(P(v r ))(fdx+ (f(v r )-f(P(v r ))(pdx 

> / f(P(v r ))ipdx-C\\l + \v r \ + \P(v r )\\\f\\ Vr -P(v r )\\ p . 

Next fix M and rewrite by adding and subtracting the conditional expectation operator E M , 

f(P(v r ))<pdx = I f{P{v r ))E M {ip)dx+ I f{P{v r )){ip-E M {ip))dx. (1.30) 
Clearly the conditional expectation E M satisfies 

f(P(v r ))E M ( V )dx= [ E M {f{P{v r )))E M {ip)dx. 



Now we may invoke (jl.19)) . Jensen's inequality on the range of P. This gives, 

E M (f(P(v r ))) E M (cp)dx > f f (E M (P(v r )) E M (<p)dx 
Hence adding and subtracting /(0) to the leading term in the right hand side of fl 1 . 3 1) gives 
/ f(P(v r ))E M (<p)dx> f f(0)E M (<f)dx+ I (f(E M (P(v r ))-f(0))E M (cp)dx. (1.31) 
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It remains to specify how the above estimates are to be combined: Given e > choose M 
large enough so that 

\tp - E M (p\ < e. 

Next, depending on M, and e select tq G N so that for r > Tq, 

\E M (P(v r ))\ < e and \\v r — P(v r )\\ p < e. 
Combining now (11. 28ft - ( 11.311) with our choice of M and r we get 

f(v r )(pdx > / f(0)<pdx — Ce. 



It remains to show how to remove the additional restriction (ll.25p . In view of the Lipschitz 
condition fl 1 . 2 8 [) it suffices to prove the theorem for those weak-limits v that are contained in a 
suitable dense set D where dense refers to the Lf oc topology. We take 

D = {v G L p (M. n , R n ) : v is a finite sum of Haar functions} . 

Let v G D. Since the estimate (11.171) is invariant under dilations x — > Xx it suffices to consider 
the case 

v ( x ) = 5^ & fe 1 fe+(o,i)"( a; ) ) ( L32 ) 



and only finitely many of the bk are different from zero. 

Let rj G Cq ((0, l) n ) and extend rj to a (0, l) n periodic continous function on R™. Since we 
proved (I1.17P already under the restriction (II. 25!) we obtain for functions v satisfying (ll.32p 
and <p G C£(R n ) that 

liminf / f(v r (x))((f-r])(x)dx> / f(v(x))(ip-rj)(x)dx. (1.33) 



Finally we remove rj from the estimate (TL33]) . To this end let r] k G C + ((0, l) n ) be a sequence 
that converges pointwise to l[o,i] n an d extend each r\ k periodically. Then for each k by (I1.33P 



liminf / / (v r (x)) (f (x) dx > liminf / f(v r (x))((p ■ r]k)(x)dx 

(1.34) 



> / f(v(x))((p ■ r] k )(x)dx. 
Apply now the monotone convergence theorem to conclude that (I1.17P holds true. 



2 Multiscale Analysis of directional Haar Projections 

In this section we outline the proof of Theorem ll.il We start by performing a multiscale analysis 
of P {£) with the purpose of successively resolving the discontinuities of the Haar system. We 
expand in a series of operators, where each summand corresponds to a dyadic length scale. 
Thereafter we state the estimates of Theorem 12.11 and Theorem 12.21 that quantify the interplay 
between the resolving operators and the inverse of the Riesz transform Ri . Finally we show 
how the assertions of Theorem 11.11 follow. 
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Recall that A = {e G {0, l} n : e ^ (0, . . . ,0)}. We decompose the projection P^ £ \e G .4, 
using a smooth compactly supported approximation of unity. To this end we choose b G C°°(1R), 
supported in [—1,1], so that for t G M, 

b(t) = b(-t), < b(t) < 4, Lip(6) < 8, and J b(t)dt = 1. 

Let 

d(x) = b(xi) b(x n ) — 2 n 6(2xi) b(2x n ), x = (xi, . . . , x n ). 

Since b was chosen to be even around 0, we have j\ tb{t)dt = hence also 

d(xi,...,Xi,...,x n )xidXi = 0, (l<i<n). (2.1) 

Jr 

Let Ai, £ G Z be the self adjoint operator defined by convolution as 

A e (u) = u*d e , where d t (x) = d(2 e x)2 ne . (2.2) 

For u G L p (IR n ) we get u = 'Y1^L_ 00 Ai(u). Convergence holds almost everywhere and in L P (M"). 
Recall that S denotes the collection of all dyadic cubes in R n . Let j G Z and put 

S J = {QeS: \Q\ = 2~ nj }. (2.3) 

Let t G Z, e G X, define T £ (£) as 

oo 

Since the operators A J+ £ are self adjoint, 



oo 

P [£) (U)= E T £ £) ^j 



Let 1 < zo < n. Recall that Ai = {e E A : e = (ei, . . . , e n ) and £j = 1}. Let e G *4i Q . In 
Section [3] we verify that 

n 

rp{^) D — 1 rp(e) j-, . \ ^r( e )"IU' Q D 

i=l 

where i?j denotes the z— th Riesz transform, di denotes the differentiation with respect to the 
Xi variable and E io the integration with respect to the Xj — th coordinate, 

f X '0 

^i (f)( x ) = / f(x 1: ...,s,...,x n )ds, x = (x l ,...,x n ). 

J — oo 

The following two theorems record the norm estimates for the operators 7^ and TgR^ 1 by 
which we obtain the upper bounds for (u) stated in Theorem 11.11 
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Theorem 2.1 Let 1 < p < oo and l/p + 1/q — 1 and £ > 0. For e £ ^4 the operator 
satisfies the norm estimates, 

\\Th\ <{ C ^ 12 lf V ^ (2 4) 

11 1 h ~ \C p 2-*/« if p<2. { ] 

Let 1 < i < n, and e £ Ai then 

Hi ° h ~\C p 2+^ if p<2. (2 - 5) 

Theorem 2.2 Let 1 < p < oo. Let t < 0. T/ien /or e £ ^4 t/ie operator satisfies the norm 
estimates, 

„ M„ \G v 7T^ if p>2] . , 

// moreover 1 < z < n, and £ £ ^4 io , t/ien 

llTMff-iil </^2-l^ p>2; 

l|T ^ ^ Ilp -\C P 2^I i/ P <2. (2 ' 7) 
We show how Theorem 12.11 and Theorem 12.21 yield the proof of Theorem 11.11 

Proof of Theorem 11.11 Let 1 < io < n. Define M £ N by the relation 

2 m-i < INIpII^oIIp < 2 m_ (28) 

WRiaWWp 



Consider first p > 2. Let e £ Ai . Theorem 12. II and Theorem 12.21 imply that 

oo M-l 

E I \Ti £) 1 1, < C p 2~^ and £ | \T^R^ | | p < Cp 2 M '\ 

l=M £=-oo 

Since (u) = YH>L-oo ( u ) triangle inequality gives that 



M-l 



\\p {£) (n)\\ p <J2\\Tt ) \\ P h\\ P + E W T i £)R ^W 

l=M l=-oo 

<C p 2- M / 2 i|w|| p + ^2 M / 2 ||^ («)|| p . 



«0 V M J I Ip 



(2.9) 



Inserting the value of M specified in (I2.8P gives 

Assume next that p < 2. Let q be the Holder conjugate index to p so that l/p + 1/q — 1. 
By Theorem 12.11 and Theorem 12.21 for e £ Ai a , 

oo M-l 

E 1 i T i £) i ip ^ ^ 2 ~ M/9 and E i i^^o 1 1 ip ^ ^ 2M/P - 

l=M l=-oo 
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Triangle inequality applied to P( £ \u) = ^2^L_ OQ T^u gives 



-oo 

M-l 



\p {£ \u)\\ p < j2w t P\\p\w\\ p + e ipf^ui** 



£=M £=-oo 

< C p 2- M / q \\u\\ p + C p 2 M / p \\R, 



(2.10) 



•oWIIp- 



With M defined as in ( 12.81) above we obtain 

C p 2 l q \ \u\ \ p + C p 2 ^ p \ \Ri u\ \ p < C p \ \u\ \ p p \ \Ri u\ \ p ^ p . 

■ 

3 Tooling up 

In this section we prepare the tools provided by the Calderon Zygmund School of Harmonic 
Analysis. They simplify our tasks and save the reader time and effort. We exploit the Haar 
system indexed by (and supported on) dyadic cubes, its unconditionality in LP {I < p < oo), 
projections onto block bases of the Haar system, the connection of singular integral operators 
to wavelet systems, and interpolation theorems for operators on dyadic H 1 and dyadic BMO. 

The Haar system in ¥L n . We base this review on the work of T. Figiel [I] and Z. Ciesielski 
[2]. Denote by T> the collection of all dyadic interval in the real line M, and let {hi : / G P} be 
the associated L°° normalized Haar system. It forms a complete orthogonal system in L 2 (IR). 
Analogs of the Haar system in the multi-dimensional case were developed by Z. Ciesielski in 
[2] . For our purposes the mere tensor products of the one dimensional Haar system is not quite 
sufficient. Instead we employ the Haar system supported on dyadic cubes. 

Recall that S denotes the collection of dyadic cubes in R™. and that A = {e G {0, 1}" : e ^ 
(0, . . . .0)}. The system 

{h$ :QeS,eeA} 

is a complete orthogonal system in L 2 iW l ) with \\hn ||| = \Q\. It is also an unconditional basis 
in L p (M. n ) (1 < p < oo). Given / 6 L p (M. n ) define its dyadic square function §(/) as 



§v)= 2j (MSVid^r (3.i) 

e&A,QeS 

The norm of / G L p (IR n ) and that of its square function §(/) are related by the estimate 

Cp H/llz^R") < ||§(/)IUp(ir™) < C p \\f\\ L p^), (3.2) 

where C p < Cp 2 / (p — 1). Repeatedly we exploit the unconditionality of the Haar system in the 
following form. Let {cq : Q G S, e G ^4} be a bounded set of coefficients and / G L p (R n ). 
Then 

9= E c QHf,h$)h§\Q\-\ 

eeA,QeS 

satisfies the square function estimate S(g) < ^sup \cq\j S(/), hence by ( 13. 2p 

IblUpCR") < C p (^sup Ic^l) • ||/|Up(m«). (3.3) 
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Wavelet systems. We refer to Y. Meyer and R. Coifman [7j for the unconditionality of the 
wavelet systems and the fact that they are equivalent to the Haar system. Recall that S denotes 
the collection of dyadic cubes in IR n . We say that 

{^ ] :QeS,eeA} 

is a wavelet system if {w? / \/\Q\ : Q G 5, £ G A} is an orthonormal basis in L 2 (M. n ) satisfying 

J i/jg^ = and there exists C > so that for Q G S, and e G A the following structure condition 
holds, 

supp^Ctf-Q, \^\<C, Lip^) < C diam(Q)- 1 . (3.4) 

The wavelet system {^q : Q € 5,£ G .4} is an unconditional basis in L p (IR n ) (1 < p < oo) and 

equivalent to the Haar system {kg : Q G <S, £ G .4} : Indeed there exists C p < Cp 2 / (p — 1), so 
that for any choice of finite sums, 

/= Yl a Q )h< Q and 9= Yl ^Q^Q' 

eeA,QeS e&A,QeS 

the following norm estimates hold, 

1 1 1 / 1 1 LP (R™) — IIS'IIlpCM") — Cp ||/HiP(Rn) • (3.5) 

Notational convention. Given a dyadic cube Q G S we write Hq as shorthand for any of 
the functions 

h^g , e E A. (3.6) 

If a statement in this paper involves hq where Q G S then that statement is meant to hold 
true with hq replaced by any of the functions h!q , e G A. 

Square function estimates and integral operators. In this (and the following) paragraph 
we isolate a class of integral operators for which boundedness in L p (IR n ) (1 < p < oo) can be 
obtained directly from the unconditionality of the Haar system. (Naturally we discuss those 
operators here because they will appear in later sections.) Let {cq, Q G S} be a set of bounded 
coefficients where (for convenience) only finitely many of them are 7^ 0. Let u G L p (M. n ). Then 



K(u)(x) = 




satisfies the square function estimate §>(K(u)) < (sup \cq\) E>(u). Hence by (13.31) . 

||^(«)IUp(r«) < C p (sup \c Q \) ■ ||w||iP(R»), (3.8) 
where C p < C max{p 2 ,p/ {p — 1)}. 
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Projections onto block bases. Our reference to projections onto block bases of the Haar 
system is [B] by P. W. Jones. Let B be a collection of dyadic cubes. For Q G B let U (Q) denote 
a collection of pairwise disjoint dyadic cubes. We assume that the collections U(Q) are disjoint 
as Q ranges over the cubes in B. More precisely we assume the following conditions throughout: 

If W G U(Q), W G U(Q'), and Q^Q' then W ^ W. (3.9) 

If W, W G U{Q) and W ^ W then W n W = 0. (3.10) 
Consider the block bases 

d Q = h Wi Q G 

Given scalars cq we are interested in the operator 

K 1 (u) = J2cQ(^h Q )d Q \Q\- 1 (3.11) 
QeB 

that maps ^QeB a< 9^Q ^° ^QeB a Q c Q^Q- Similarly, given a wavelet system {V'if} as above and 
scalars bw we consider the block bases 

WeU{Q) 

and the operator 

K 2 (u) = ^c Q (u, h Q ) ^qIQT 1 . 
QeB 

We shall see below that K 2 can be controlled by K\. To estimate K\{u) it is sometimes conve- 
nient to use a different collection of cubes as follows. Let U(Q) = Uq£W(Q) ^ denote the pointset 
covered by the collection U(Q) . Suppose that there exist dyadic cubes Ei(Q), . . . , Ek{Q) , where 
k may depend on Q, so that 

U(Q) C Ex{Q) U • - • U E k {Q). 

Assume that the collections {Ex(Q), . . . , E^{Q)} are disjoint as Q ranges over the cubes in B. 
Let 

k 

9 Q = J2 h EdQ)> Q eB ' ( 3 - 12 ) 

i=l 

put 7 = sup \ cq\, and define the integral operator 

K (u)= 1 J2^ h Q)9 Q \Qr 1 - 

QeB 

Our construction gives the square function estimate 

S(lfi(u)) < ${K (u)), 

hence ||i^i(u)|| p < Cp||iTo(it)||p. Consequently, L p — L g duality gives the norm estimate 

\\K*\\ p <C p \\K*\\ p . (3.13) 

Note that the transposed operators K\ and Kq are given as, 

K{{u) = ^c Q {u,d Q )h Q \Q\~ l and K*{u) = -/^(u, g Q )h Q \Q\- 1 . 
QeB QeB 
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Exchanging Haar functions and wavelets. The equivalence of the wavelet system to the 
Haar basis allows us to write down further examples of L p bounded integral operators. We use 
again the notational convention to write ipq denoting any of the wavelet functions ipn , e G A. 

Assume that U(Q), Q G B satisfies (13.91) and (13.101) . Let bw,W G U(Q) be scalars, and 
assume that \bw\ < B. Recall that 

K 2 (u) = ^2c Q {u,h Q )ipQ\Q\~ 1 , i> Q = b w^w, 
QeB weU(Q) 

and that K\ was defined in (13.111) . Since K 2 can be viewed as the composition of K\ with the 
map h w — > by/Tpw it follows from (I3.3P and (13.51) that 

11^2 w )IIlp(R") — C p B ■ ||i^i(tt) ||tp(K«). (3-14) 

Duality gives estimates for the transposed operator as, 

\\K*\\ p <C p B\\Kt\\ p , (3.15) 

where 

K* 2 (u) = J2c Q (u^Q)h Q \Q\- 1 and K*(u) = ]T c Q (u, d Q )h Q \Q\-\ (3.16) 
QeB QeB 



Calderon Zygmund kernels. We use the book by Y. Meyer and R. Coifman [|7] as our 
source for singular integral operators and their relation to wavelet systems. Let {kg : Q G S} 
be a family of functions satisfying J k Q = and these standard estimates: There exists C > 
so that for Q G S, 

supp k Q C C ■ Q, \k Q \ < 1, Lip(/cg) < C diam(Q)" 1 . (3.17) 

Let {cq : Q G S} be a bounded sequence of scalars. Assume for simplicity that only finitely 
many of the Cq are different from zero. Then 

h(x,y) = ^ j c Q %l) Q (x)k Q (y)\Q\- 1 1 

defines a standard Calderon-Zygmund kernel (see [7]) so that 

K 3 (u)(x) = J k 3 (x,y)u(y)dy 

satisfies the norm estimate 

\\K 3 (u)\\ p < Cpsup \c Q \ ■ \\u\\ p . 

By (13.51) . the operator 

*<„)<*) = /*.(«,»)«(»)* with kerne. *,(,,,) ^^Ifl-, 

satisfies 

\\K 4 {u)\\ p <C p sup\c Q \-\\u\\ p . (3.18) 
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We will apply (13.181) in the following specialized situation. Let W be a dyadic cube and let 
V be a cube in M n (not necessarily dyadic) so that 

VDCx-W, \V\<C 2 \W\. (3.19) 
Let Q C W be a dyadic cube. Since J kg = and supp kq C V we have 

(it, fcq) = (ly(tt - rny(w)), feq), 
where mv(ti) = This yields the identity 

To the kernel ^2q cw hQ(x)kQ(y)\Q\' 1 we apply the estimate ( 13.181) with p = 2. Since the Haar 
system is orthogonal we obtain 



= || ^(l y ( M -m y ( M ))/ iQ )|g|- 1 ||2 (3.20) 

< ||ly(u - T(ly (ll) ) 1 1 2 • 

With (13.201) we obtain BMO estimates for operators with Calderon Zygmund kernels as above. 

The Riesz Transforms. We review basic facts about Riesz transforms and base the discus- 
sion on chapter III of [15] by E. M. Stein. Let T denote the Fourier transformation on W 1 . The 
Riesz transform i?, is a Fourier multiplier defined by 

^(i2 i («))(0 = -V = T|rJ 7 (tt)(0 where 1 < i < n, £ = (&,..., Q. (3.21) 

Riesz transforms, satisfy the estimates < C p ||u|| p (1 < p < oo), hence define bounded 

linear operators on the reflexive L p (R n ) spaces. The defining relation ( 13.211) yields a convenient 
formula for the inverse of Ri, again by Fouriermultipliers. Consider for simplicity i — 1. Let 
u be a smooth and compactly supported test function such that J r ~ 1 (\£,\/£,iJ-'(u)(£ i )) is well 
defined. Then compute ^(i?:, -1 («))(£) as 

6 , A 6 6 



= -v/-l^( M )(0 
Taking the inverse Fourier transform yields 

n 

^r 1 = i?i + E E i^' ( 3 - 22 ) 



8=2 
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where Ei(/)(xi, . . . , x n ) = f* 1 f(s, x 2 , ■ ■ ■ , x n )ds and d{ denotes the partial differentiation with 
respect to the i — th coordinate. 

Next fix 1 < z < n and e G Ai . After permuting the coordinates the above calculation 
gives the formula for R7 1 as follows 



R^ 1 = K + J2 E ^Ri- (3.23) 



1=1 



Dyadic BMO, H\ and Interpolation. We use pQ by C. Bennett and R. Sharply as basic 
reference to interpolation theorems. Recall first the definition of dyadic BMO. Let / G L 2 (IR n ) 
with Haar expansion given by (11. 2p We say that / belongs to dyadic BMO and write / G BMO^ 
if the norm defined by (13.241) is finite 



2 

BMO d 



2 

J Qes \Q\ f~i \ / 



eeA WCQ 

Given a dyadic cube Q the system 

{1q}U{/$: 1^ G<S,W CQ, £ £i} 
is a complete orthogonal system in the Hilbert space L 2 (Q, dt). This yields the identity 

iq(/ - m Q (/)) =EE</> ^ ) )4Vr 1 , 

e&A WCQ 

where rriQ(f) = (Jq Hence the BMO^ norm of / can be rewritten as 

// +sup| \f(t)-m Q (f)\^. (3.25) 



2 

BMO d 



Given / G BMO d with / / = 0. Let Q = {W G S : 3e (f, h$) ^ 0}. It is well known that 
in order to evaluate the BMOd norm of / it suffices to consider the cubes in Q . Put 

We claim that 

4) = ll/lliW (3-26) 

It suffices to observe that A > ||/||| MO , since v4 < ||/||| MO , by definition. To this end we 
fix a dyadic cube K G S so that K ^ Q . Let .M C £ denote the collection of maximal cubes 
of Q that are contained in K. (Maximality is with respect to inclusion.) Thus M. consists of 
pairwise disjoint dyadic cubes, 

E i£i<m 

Q<=M 

and, 

E E (/. - E E E </> ^r\w\-\ 

eeAWCK QeM eeAWCQ 



19 



|o||l 2 (R") 



Since C £, for Q G M, 

e€A WCQ 

Consequently we have the following estimates 

J2Y,^ h w) 2 \w\- 1 = A J2\Q\ 

eeAWCK QeM 

= A \K\. 

Taking the supremum over all such K implies that A > || /II BMO d • 

We review the definition of dyadic H 1 , its relation to the scale of LP spaces and to BMO^. 
Let K be a dyadic cube in MP. We say that a : MP — > M is a dyadic atom if 

< \K\~ 1/2 , supp a C K, and J a = 0. (3.27) 

By definition a function / G L 1 (M n ) belongs to dyadic H 1 if there exists a sequence of dyadic 
atoms {a{\ and a sequence of scalars {Aj} so that 

/ = AjOj and |Aj| < oo. (3.28) 

We denote 

imk = inf {Ew} ( 3 - 29 ) 

where the infimum is extended over all representations (13.281) . For the resulting space of func- 
tions we write H\. Recall also that the dual Banach space to Hj is identifiable with BMO d . 

Interpolation of operators links the spaces H^, BMCv on the one hand and the scale of LP 
spaces on the other hand. Assume that T is a bounded operator on H\ and on L 2 . Let A\ 
denote the the norm of T on H\ and let A 2 denote the norm of T on I 2 . Then for 1 < p < 2 
and 9 = 2 - 2/p 

\\T\\ P < CA\- e A e 2 . 

If on the other hand the operator T is bounded on BMOd with norm equal to Aoo then for 
2 < p < oo and 9 = 2/p 

imip < CA^Al 

In addition to dyadic BMO at one point of the proof we employ the continuous analog of 
BMO d . Let / G L 2 (R n ). Let W C W 1 be a cube (not necessarily dyadic). Write 

dt 



mwU) = / f(t) 



\W\ 



We say that / G BMO(M n ) if 



2 

BMO(l") 



2 

// + sup ( \f(t)-m w (f)\ 2 ^- <oo, 
J w Jw \ w \ 



where the supremum is extended over all cubes W C R n (not just dyadic ones). Clearly for 
a given function ||/||bmo(r™) > ||/||BMO d - In Section H] we use BMO(IR n ) and interpolation as 
follows. Let T : L 2 (R n ) -> L 2 {R n ) and T : BMO d -> BMO(R") be bounded. Let A 2 be the 
operator norm of T on L 2 (R n ) and put 

= ||T : BMO(M") -> BMO d ||. 

Then for 1 < p < oo and = 2/p, 

||T|| P < C^ fl ^. 



20 



4 Basic Dyadic Operations 



The norm estimates for the operators 7/ reflect boundedness of two basic dyadic operations. 
These are rearrangement operators of the Haar basis and averaging projections onto block bases 
of the Haar system. In this section we isolate the basic dyadic models and prove estimates in 
the spaces H 1 , L 2 and BMO. In later sections the boundedness properties of T^ e \i < 0, are 
reduced to the case of rearrangement operators. The estimates for Tg,£ > 0, are harder and 
involve rearrangements as well as orthogonal projections onto certain ring domains, surrounding 
the discontinuity set of Haar functions. 

4.1 Projections and Ring Domains 

The following definitions enter in the construction of the orthogonal projection (14.51) . Recall 
the set of directions A = {e G {0, l} n : e ^ (0, . . . .0)}. Let B be a collection of dyadic cubes. 
For Q G B and e G A let D^(Q) denote the set of discontinuities of the Haar function Ii'q . 
Fix A G N and define 

D<f{Q) = {xeR n : dist(x,L> (£ )(Q)) < C2' x diam(Q)}. 

Thus D^(Q) is the set of points that have distance < C2~ x diam(Q) to the set of discontinuities 
of h ( Q ] . Let k(Q) < C2 x{ - n -^ and let Ei(Q), . . .,E HQ) {Q) be the collection of all dyadic cubes 
satisfying 

diam(£ fe (Q)) = 2~ A diam(Q), E k {Q) n d[ £) (Q) ^ 0. (4.1) 

We assume throughout this chapter that B is such that the collections {Ei(Q), . . . , E k ^(Q)} 
are pairwise disjoint as Q ranges over B. 

Thus we defined a covering of D^\Q) with dyadic cubes {Ei(Q), . . . , E k ^(Q)} satisfying 
these conditions: 

1. There holds the measure estimate 

\ExiQ) U ■ • • U E k(Q) (Q)\ < C2- X \Q\. (4.2) 

2. Let Q,Q EB,k< k(Q) and k < k{Q ). 

If E k {Q) C E ko {Q ) then Q C Q . (4.3) 

3. Let Q,Qo e B, k < k(Q), k < k(Q ) and Q C Q . 

If E k (Q) n E ko (Q ) ^ then E k (Q) C E ko (Q ). (4.4) 

Note that our hypothesis (I4.2l) - (l4.4p are modeled after Jones's compatibility condition in [6]. 
With U(Q) = {Ei(Q) , . . . , E k (Q)(Q)} we define the block bases as qq = Y1ie&a(Q)^ e - ^ ne 
associated projection operator is given by the equation 

S{u) = Y,(u,h Q )g Q \Q\-\ (4.5) 

QeB 
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Recall that Hq is shorthand for any of the Haar functions hg , where e G A. Moreover, if a 
statement in this paper involves hg then that statement is meant to hold true with hg replaced 
by any of the functions hg . 

The norm estimates for the operator S are recorded in the next theorem. For its use in the 
later sections of this paper the relation between the spaces, on which the operator acts, and 
the dependence of the operator norm on the value of A becomes crucial. 

Theorem 4.1 There exists C = C (C,n) so that the orthogonal projection given by H4.5[) 
satisfies these estimates 

\\S\\ H i <C 2- X / 2 , \\S\\ 2 <C 2-^ 2 , and \\S\\ BMOd < C . 

Proof. The proof splits canonically into three parts. The first part treats L 2 , the second part 
H\, and the last part the BMO^ estimate of the operator S. 

Part 1. We start with L 2 . Since \E X (Q) U ••• U E k{Q) (Q)\ < C n 2~ A |Q|, we have \\g Q \\ 2 2 < 
C n 2~ x \Q\. As we assume that the collections {Ei(Q), . . . , E k ^(Q)} are pairwise disjoint as Q 
ranges over B, the induced block bases {gg : Q G B} are orthogonal. Hence 

\\S( u )\\ 2 2 = J2(^h Q } 2 \\g Q \\ 2 2 \Q\- 2 

QeB (4.6) 

< C2- X \\u\\ 2 2 . 

Part 2. The H\ estimate. Let a be a dyadic atom supported on a dyadic cube K so that 
IHII < l-^l -1 - W ( a 5 hg) 7^ 0, then Q C K and supp qk Q C ■ K. Hence 

supp S(a) C C • K. 

The L 2 estimate (JMD gives \\S{a)\\ 2 < C n 2- x \K\-\ As supp S{a) C C ■ K, we obtain the H\ 
estimate, || S(a) \\ H i < 2- x ' 2 C. 

Part 3. The BMO d estimate. Define 

G= \J{E 1 {Q),...,E k{Q) {Q)}. 
QeB 

Given u G BMO^, by (I3.26p . it is sufficient to test the BMO^ norm of S{u) using only the cubes 
K G Q. Indeed, 

ll^)lllMo d = su P ^- / \S{u)-jL I S(u)\ 2 . 
Keg \K\ J K \K\ J K 

Let KeQ. Note that, r^r J K \S(u) — t^t f K S(u)\ 2 coincides with 

QeB X {k:E k (Q)CK} 

Choose Q G B,k < k(Q ) so that K = E ko (Q ). By (TOD, if Q G B and E k (Q) C E ko (Q ), 
then Q C Q and if moreover £*(<2) n E ko (Q ) ^ then, by (jOJ), -E fc (Q) C E ko (Q ). Hence if 
Q ^ Qo then 

{fc:i? fc (Q)CA'} 

22 



and (14.71) equals, 



h. 



To get estimates for (14.81) consider sGNU {0} such that s < A. Split the (effective) index 
set in (JJ2D into 

H s = |g G B : Q C Q , diam(Q) = 2" s diam(Q ), J g 2 Q ^ 0^, s < A, 

^oo = j<2 e B : Q C Q , diam(Q) < 2~ A diam(Q ), J 9q ^ 

First estimate the contribution to (14. 8p coming from TCoo- If Q E Tioo then by (14.21) . f K gg < 
C2~ A |Q|. Since clearly the pointset covered by 7ioo is contained in C ■ K, we get 



and 



(4.9) 



< C2 A ||M||g MOd |ii'|. 



Next turn to the 7i s , s < A. The analysis is parallel to the previous case. The cardinality of 7i s 
is bounded by C n with C n independent of s or A. For Q G H s we get f K gn < C2~ S |A'|. Hence 



Q&i 

Taking the sum over < s < A, gives 

EE(^) 2 X^^IHHmoJM. (410, 
Adding flU]) and fl4~T0|) gives the BMO d estimate \\S(u)\\ BMOd < C||u||bmcv 
4.2 Rearrangement Operators 

We next turn to defining the rearrangement operator S given by (14. 12|) below. Let A G N and 
let Q G S be a dyadic cube. The X — th dyadic predecessor of Q, denoted Q^ x \ is given by the 
relation 

Q (A) GS, |Q (a) | = 2 nA |Q|, QcQ (A) . 
Let t : S — > iS be the map that associates to each Q G 5 its A — th dyadic predecessor. Thus 

t(Q) = Q (A) , QeS. 

Clearly r : S — > S is not injective. We canonically split S = Qi U • • • U <2 2 ™ A suc h that the 
restriction of r to each of the collections Qk, is injective: Given Q e S, form 

W(Q) = {WeS: W w = Q} . 
23 



Thus U(Q) is a covering of Q and contains exactly 2 nA pairwise disjoint dyadic cubes. We 
enumerate them, rather arbitrarily, as W\(Q), . . . , W 2 n\(Q). For 1 < k < 2 nA , define 

Q k = {W k (Q):QeS}. 

Note that r : Q k — > <S is a bijection, and 

r(W A (Q)) = Q, W fc (Q) G Qe S. 

Let 1 < A; < 2 nA . Let {^q'' : Q G 5} be a family of functions for which J ipg = and which 
satisfy the following structural conditions: There exists C > so that for each Q G S 

supp (pM QC-Q, \(pW\ < C, Lip(^ fe) ) < C diam(g)- 1 . (4.11) 

(k) 

We emphasize that the actual function (fig may depend on k, by contrast the structural con- 
ditions (14. lip are independent of the value of k. Define the operator S by the equation 

%)=EE {9^%)hQ\Q\-\ (4.12) 
fc=l QeSfc 

The action of S is best understood by viewing it as the transposition of the rearrangement 
operator defined by r followed by a Calderon Zygmund Integral. The next theorem records the 
operator norm of S, particularly its joint (n, A)— dependence, on the spaces Hj, L 2 and BMO^. 

Theorem 4.2 The operator S defined by (14.121) is bounded on the spaces Hj, L 2 and from 
BMO(R n ) to BMOd- The norm estimates depend on the value of A G N and the dimension of 
the ambient space W 1 as follows: 

\\S\\ 2 < C 2 nA , \\S\\ H i < C 2 nA , \\S : BMOiW 1 ) -> BMO d \\ < C A 1/2 2 nA . (4.13) 

Proof. The three parts of the proof correspond to the three operator estimates in ( 14.131) . The 
first part treats L 2 , the second part and the third part BMOd. 

Part 1. We start with L 2 . Let u G L 2 . Then 

k=l Q£Q k 

Let 1 < k < 2 nA . Since r : Q k — > S is bijective, the standard conditions (14. lip and the L 2 
estimates for Calderon Zygmund operators (I3.18P yield, 

J2 {u^ Q) ) 2 HQ)\- X <C\\u\\l (4.14) 

QeQ fe 

Recall that \r{Q)\ = 2 nX \Q\. On the left hand side of (Oil replace |r(Q)| _1 by 2~ nA |Q|- 1 then 
take the sum over 1 < k < 2 nX . This gives 

k=i QeSfc 

Hence \\S\\ 2 < C 2 nX , as claimed. 
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Part 2. The H\ estimate. Let a be a dyadic atom supported on a dyadic cube K. Define 

H={QeS: diam(r(Q)) > diam(iT), (a, <pW Q) ) ^ o} . 
Then put 5(a) = b\ + b 2 where 

b 1 = J2(S(a),h Q )h Q \Q\-\ 
Qen 

and 62 = 5(a) — b±. We treat separately the norm of b\ and 62- First we estimate ||6i||#i. Fix 
s G N U {0} and put 

H s = {QeH: diam(r(Q)) = 2 s diam(K)} . 
Let Q G Qk^'Hs and let g G Q. As J a = we obtain 

( a '^(Q))| = |( a >^%) 

< C||a|| L i diam(Q)Lip(<^ Q) ) 

By the structural conditions (14.111) . Q G Qk^7~L s implies Lip(y/^) < C1~ s diam(K)~ l . Hence 

I (a, ^q))! < C2 _s . Note that the cardinality of Qk H 7i s is bounded by an absolute constant 
C. Hence, 

00 2 nA 

EE E i(«,^))i<^. (4.i5) 

s=0 k=l QeQkCXHs 

Since hg/\Q\ is of norm one in H\, the triangle inequality and (14.151) give ||&i||/ri < C2 nX . It 
remains to consider ||& 2 ||#i. Here the estimates are a direct consequence of the operator L 2 
norm of 5. First 

\Ml<\\S{a)\\ 2 

< C2 2nX \\a\\l 

< C2 2nX \K\. 

Second, a moments reflection shows that the Haar support of 62 is contained in C ■ K. Let 

M = {w g s : w n supp 6 2 ^ 0, |w| = 

Clearly the union of the cubes in M. covers supp 62- The cardinality of A4 is bounded by a 
constant C n , and J w b2 = for W G .M. Hence the functions 

C-^-^lwr&a, W G M, 

are dyadic atoms, and || 2»2 II jet 1 < C2 nX . Since || 5(a) ||#i < [| &i Il^cf 1 + ||&2 Wh 1 it follows that 
\\S\\ H} <C 2 nX . 
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Part 3. Let u G BMO(R n ). We obtain the BMO d estimate for S(u) by verifying that for 
every dyadic cube W, 

E E < M > ^)) 2 |^r 1 - C\W\ ■ A • 2 2 " A • UtiUlMo^j. (4.16) 
fc=i QeQ fe ,Qciy 

To this end fix a dyadic cube W. Split {Q G 5, Q Q W} = Q U H, where 

H = {QeS: QCW, diam(Q) > diam(H/)2- A } and G = {Q <E S,Q C W} \ H. 
Fix 1 < k < 2 nA , put Gk = GnQ k and observe that 

U <Q) ^ w - 

Qeg k 

Recall further that r : Qk — > S is injective. Hence the standard conditions (14.111) . the Calderon- 
Zygmund estimate (I3.20p . and (13.191) yield 

^( M ,^ ) ) 2 |r(g)|- 1 < C\W\ ■ \\u\\l uom . (4.17) 

QdQk 

Next replace |r(Q)| _1 by 2- nA |Q|~ 1 , then take the sum of fHTTD over 1 < k < 2 nA . We obtain 
that 

E E ^ ^YM- 1 <C\W\- 2 2 " A ■ || M || 2 mo (K ")- 
k=i Q£g k 

We turn to estimating the contribution to (I4.16P coming from Ti. Let < s < A. Write 

H s = {QeH: diam(Q) = 2" s diam(W)}. 

The cardinality of 7i s equals 2 ns . It is useful to observe that, since s < A, there exists exactly 
one dyadic cube K s so that 

r(Q) = K s , for all Q G H s . 
Hence the following identity holds 

2" A 



E E (u^ilyiQi- 1 = (u,vPy 

k=l QdH s nQ k 



£ ioi- 1 

QeHs 



(4.18) 



Each Q £ H s satisfies |Q| = \W\2 ns . As H s has cardinality equal to 2 ns , it follows that 

\Qt l =2 2ns \W\-\ 

QeHs 

By definition \K S \ — 2~ ns+nX \W\. Squaring and regrouping gives 

2 2ns \W\- 1 = 2 2nX \KJ- 2 \W\. 
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Hence the right hand side of (14.181) equals 



2 2nX \W\ (u,^) 2 \K S \~ 2 . (4.19) 



By ( HUD , W^k. 1 1 2 < |^s| 1/2 - Let 5 S be a cube in W 1 so that supp (<^) C B s and diam(£ s ) < 
C diam(K s ). Let m Bs (u) = t^-t J b u(x)dx. As f = we get 

I = K«-tob. I 

<C7||l fl ..(ti-m fl .(«))|| a |if.| 1 / 2 (4-20) 

< C|^s| ' ||^||BMO(R n )- 

Inserting (14.201) into (14. 19j) gives that the latter is bounded by 

C2 2nX \W\ ■ NISmocr.). (4-21) 

Thus we showed that the left hand side of (14.181) equals (14.191) which in turn is bounded by 
flOP . Hence 

2" A 

E E («.V%)> 2 I0I -1 ^ ^2*^1^1. HulllMocRn). (4.22) 

k=l Q&H s r\Q k 

Finally in (14.221) we take the sum over < s < A and obtain (14. 16ft 



5 The Proof of Theorem 2.1 



In this section we prove Theorem 12 .![ The sub-sections 15. II 15731 are devoted to the estimates 
for the operator T^ e \ i > 0. In sub-section 15.41 we discuss the reduction of the estimates for 
T^R' 1 , e G Ai , to those of Tg . Recall that 

A io = {e e A: e = (ei, . . . e n ) and e io = 1}. 

Let e G Ai . Let t > 0. Recall that for j G Z we let «Sj be the collection of all dyadic cubes in 
R™ with measure equal to 2~~ nj . Let Q G <Sj and define 

/$ = A Mh { Q ] ). (5.1) 



With the abbreviation (15.11) we have 

^ B) (/) = E</'4 e X e) ior 1 - (5-2) 

The functions /M have vanishing mean and satisfy the basic estimates 

supp/gc J Df(Q), \f^\<C, Iip(/$) < C2\ diam(Q))-\ (5.3) 
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where Df\Q) is the set of points that have distance < C2 1 diam(Q) to the set of discontinu- 
ities of hn . Based only on the expansion (I5.2p and the scale invariant conditions (I5.3P we prove 
in the following subsections that , £ > satisfies the norm estimates 

„ felll (C p 2~ £ / 2 for p>2; 

" 1 " P _ \Cp2-V* for p<2. V ; 

To this end we decompose the operator i > into a series of operators T^ jm ,m G Z 
using a wavelet system {V'jf : K G S, a G A} so that {ip^ / y/\K\} is an orthonormal basis in 
L 2 (R n ), satisfying J tp^ = and the structure conditions, 

supp i>P QC-K, < C, Iip(#) ^ C diam(tf)- 1 . 

To simplify expressions below we suppress the superindeces (a) and, with a slight abuse of 
notation, in place of {ip^} we wr he just {ipx}- Then expanding a function / along the wavelet 
basis we get 

Kes N 117 
Fix m G Z and define T^ m by the equation 



T u/)=EE E (/^)( A ^Q ) )^x)^ ) iQr 1 - (5.5) 

j=-oo Q€Sj K&S j+l+m 

Then 

oo 

= E Tt,m(f)- (5-6) 



m=— oo 



In this section we prove that 



2^ ||T,, m || p <C p 2 , and ^ ||T,, m || p < ^ ^ ^ 2 (5.7) 



m=— oo 



The bounds of (15.71) imply the norm estimates for Tg, i > as stated in (15.41) . 
There are three relevant length scales in the series (15.51) . 

1. The scale 2~i . This is the sidelength of Q G Sj, the cube under consideration. 

2. The scale 2~^ +e \ This is the scale of A J+ ^(/ig' ) ). More precisely, since A J+ £ is given by a 
convolution kernel of zero mean, the function Aj^hg) is supported in a strip of width 
proportional to 2~^ + ^ around the discontinuity set of hq\ 

3. The scale 2~^ +i+m \ This is the scale of the test functions ipx, K G Sj + t +m . 



The estimate (15 .7p follows from Proposition 15. 1[ Proposition 15.21 and Proposition 15.31 below 
which deal with the regimes 

1. 2~^ +e+m ^ > 2~i , 
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2. 2~ (j ' +£+m) < 2~ ( - j+e \ 

respectively. Accordingly we treat separately the following three cases, m > 0, > m > —£, 
and m < —I. 

5.1 Estimates for T^ m , £ > 0, m < —£. 

In the case when m < — £ and £ > we have 2~v +i+m > > 1~K Thus the length scale of the test 
function ipx is larger than the scale of hg when Q e Sj. 

We obtain in Proposition 15.11 the estimates for T^ m from those of the rearrangement opera- 
tors treated in the previous section, and from the fact that the wavelet bases in L p (l < p < oo) 
are equivalent to the Haar basis. The fruitful idea of exploiting rearrangements of the Haar 
system in the analysis of singular integral operators originates in T. Figiel's work [I]. (See also 
[9 J for an exposition of T. Figiel's approach.) 

Proposition 5.1 Let 1 < p < oo and 1/p + 1/q — 1. For £ > 0, and m < — £ the operator 

j=-oo Q&Sj KeS j+e+m 

satisfies the norm estimate 

fc p 2 m y/=jfT=l for p>2; 

\\-ll,m\\p < < [0.») 

I C p 2 m for p < 2. 

and consequently 

-t-x 

m=—oo 

Proof. Fix £ > and — oo < m < —£. Let j G Z and fix a dyadic cube Q e <Sj. Then form 
the collection of dyadic cubes 

W/ >TO (Q) = {X e S j+e+m : (Vk, A^(/i^)) ^ 0}. 
Clearly for T^ m (f) holds the identity 



m/)=EE E (/^)( A ^g ) )^x)^ ) iQr 1 - (5.9) 

i=-oo Qe5j K<=U e ,m(Q) 



Observe that for — oo < m < — £ the cardinality of the collection Ut )7n (Q) is uniformly bounded. 
Next for K e Ue,m{Q) we prove that 

\(A ]+e (h$)^ K )\<C2 m \Q\. (5.10) 

Since 



Jk." 
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and since Aj + £(h ( g) has vanishing mean, we get for q G Q 

\(A j+e (h^ K )\ = |(A i+l (/ i g ) ),(^-^(g)))l 

< CLip(^) diam(Q) f \A j+i (h ( Q ] )\dx 
diam(<5) 



< C 



diam(i^) 



2-*\Q\. 



Next recall that Q G Sj and G Sj + e+ m . Hence diam(Q) = \fn2~i and diam(i^) 
Tjn2~i~ m ~ i . Inserting these values gives ( 15.101) . 

By ( 13.81) . in combination with (15.91) and ( 15.101) we obtain that 



\T£ >m (f)\\ P < C p 2 T 



E E (/• 



K 



\K\ 



h. 



(5.11) 



Recall K G W*, m (Q) satisfies = |Q|2 n ^" m ). Hence |/<r| — 1 |Q|2"* = 2^ n+l ^ m+nl . Thus the right 
hand side of (15.111) is bounded by 



E E (fMhgiQr 1 

QeS K&t i!m (Q) 



(5.12) 



Given Q G 5 let K S {Q) be a cube in U£ <m (Q). As there exist at most C = C n cubes in U^ m {Q), 
the expression in (15 . 1 21) is bounded by 



C„2 (n+1)m+n£ max 

s<C 



Y.^^{Q))h Q \Q\~ 1 
QeS 



(5.13) 



Fix s < C so that the maximum in the right hand side is assumed. We invoke rearrangement 
operators to obtain good upper bounds for (15.131) . Let r : S — > S be the map that associates 
to Q G S its (— m — £) — th dyadic predecessor, denoted Q^~ m ~ e \ Thus 

r(Q) = Q(- m " £ ). 

In sub-section 14.21 we defined the canonical splitting of S as 

<S = Q\ U ■ ■ • U Q,2n(-m-l) , 

so that for each fixed k < 2 n (~ m ~ e \ the map r : — > S is a bijection. Fix now A; < 2 n ^~ m ~ €) 
and define the family of functions {}p^) '■ W G S} by the equations 

Let A = 2"(- m -^ and define the rearrangement operator S by 



k=i QeQ k 
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What we have obtained so far can be summarized in one line as follows 

\\T i>m (f)\\ p < C p 2^ m+n£ \\S(f)\\ p . (5.14) 

It remains to find estimates for H^/JHp. To this end observe that the family of functions 
{</4p : W G S} satisfies the structural conditions (14. lip : There exists C > so that for each 
W G S 

supp cp^CC- Q, \<p$\ < C, Lip(^) < C diam(W)- 1 . 
Hence Theorem 14.21 applied to the operator S, with A = —m — £, gives 

< (C p 2 n (- m -^V-m- £ for p > 2; 
P ~ \C p 2<- m -^ for p < 2. 

Inserting the norm estimate for S into (15.14p and simple arithmetic implies (15.81) . 



5.2 Estimates for T^ m , I > 0, m > 0. 

In this subsection we treat the case m > and I > or equivalently 2~^ +e+m ' > < 2~^ +e \ Here 
the length scale of the test function ipx is finer than the scale of Aj+^hg). We estimate the 
norm of T^ m by reduction to the projections onto ring domains. 

Proposition 5.2 Let 1 < p < oo. and 1/p + 1/q = 1. For m > and £ > 0, i/je operator 

w/)=EE E (/^)( A i+^Q ) ) ) ^)^ ) iQr 1 - 

satisfies the norm estimate 

(C v 2-' m 2- e / 2 for p>2; . . 

T^ m L < < p 5.15 

Proof. We divide the proof into three parts. First we rewrite the operator by isolating the 
cubes Q G Sj and K G Sj + e +m that contribute to the series defining T^ m . Second we define 
auxiliary operators that dominate T^ m . These turn out to be projections onto ring domains as 
considered in sub-section 14.11 Finally we invoke norm estimates for the resulting projections 
onto ring domains. 



Part 1. Here we rewrite T^ m by making explicit the index set {K G Sj + £ +m } that actually 
contributes to the series defining T^ m . Fix Q G <Sj and define the collection of dyadic cubes 

Let Ue jm (Q) be the pointset that is covered by the collection U^ m {Q). Note that U^ m (Q) is 
contained in the ring domain of points that have distance < C2~ i to the set of discontinuities 
of }%q . Thus Ue^ m (Q) can be covered by at most C2 tyTl ~ 1 ^ 1 dyadic cubes of diameter ^fn2~ l ~K 
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We denote these cubes (that are pairwise disjoint) by Ex,... ,Ea where A = C2^ n 1 > i . If we 
wish to emphasize the dependence on Q we write E}~ = Ek(Q). Thus 

A 

U e , m (Q) C |J E k (Q), dmm(E k (Q)) = ^T l ~\ A = C2^f 

k=l 

With Ue tm (Q) as index set we define the block bases of wavelet functions 

^ Q = (&Mh%)^ K )^ K \K\-\ 

KeU e , m (Q) 

by which we rewrite the operator T^ m as follows, 

T^ m {f) = Y J {f^Q)h ( S\Q\- 1 . (5.16) 

QeS 

Part 2. Here we exploit (15.16P and relate the representation T^ m to its dyadic counterpart, 
the projection onto ring domains. To this end we start by giving pointwise estimates for the 
function ipQ. Fix K G U^ m {Q). Use that ipx has mean zero and that diam(i^) = v ^n2 ( -~^~ i ~ m ^ 
to obtain, 

\(A j+l (h$),iJ> K )\ ■ IK]- 1 < C diam(K)Lip(A J+ ,(/ i g ) )) 

< C &mm(K)2 j+e (5.17) 
= C2~ m . 

Recall that 

dist(l/ />m (Q), Q)<C- diam(Q) Q g S. 
Hence there exists a universal A G N so that for j G Z the collection Sj may split as 



6 i '•••> 6 j 



(1) c(Ao) 



so that for s < A the sets {U^ m (Q) : Q G «S- } are pairwise disjoint. Fix s < A and form the 
collections 



As s < A is fixed, the collections {U^ m (Q) : Q G £> s } satisfy the conditions (13. and (13.101) . 
Define 

Keu l>m (Q) 

and put 

By ( 1071) and fl3TT5l) . (13TT61) . 

IIT II <" H 9~ m \ r II p || 
1 1 ^ -£,Tn 1 1 p _ / \\ r 

s=l 
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Next we replace the operator F s by a related one that is easier to analyze. To this end we 
define for Q e B s , 

A 
k=l 

where the collection of dyadic cubes {Ei(Q) . . . E^(Q)} are defined in part 1 of the proof. The 
block bases {qq : Q E B s } give rise to the operators G s defined by, 

G s (f)= YtU'toMQl' 1 - 

By (EH, \\F S \\ P < C P \\G S \\ P . Hence 

||T,, m || p <C p 2- m ^||G s || p . (5.18) 

s=l 

Part 3. In the last part of the proof we obtain norm estimates for T^ m by recalling the 
bounds for the projection G* s obtained in Section HI Fix s < A , let 

B = B S and G = G s . 

The transposed operator G* is just 

G*(f) = J2(f>h Q )g Q \Q\- 1 . 

In part 1 of the proof, for Q e B, we defined the collections {Ei(Q), . . . , _EU((5)}.They satisfy 
conditions fl4.2l) - fl4.4p . Hence we apply Theorem 14.11 with S = G* and A = i. By duality this 
gives the following three norm estimates for G, 

\\G\\ H i<C, \\G\\ 2 <C2^ 2 and \\G\\ BMOd < C2~ e / 2 . (5.19) 

By interpolation and f)5.19p . for 1 < p < oo and 1/p + 1/q = 1 

z:ti 

With dOSj) and (|53SD we deduce (15351) . 



5.3 Estimates for T^ m , £ > 0, -£ < m < 0. 

Here we analyze the operators T^ m , when £ > 0, — £ < m < 0. In this case the scale of the 
test functions ipx lies in between the scale of the cube Q and that of Aj^h^). Again we 
estimate T^ m by reduction to projection operators onto ring domains, following the pattern of 
the previous sub-section. 

Proposition 5.3 Let 1 < p < oo. and l/p+ 1/q = 1. Let £ > and — £ < m < i/ien the 
operator 
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satisfies the norm estimate 



\T, 



£,rn \\p 



< 



'C p 2 m l 2 2-^ 2 for p>2; 
C p 2 m / 2 2' e / q for p<2. 



(5.21) 



Proof. The proof splits canonically into three parts. First we analyze and rewrite T^ m . Then 
we define auxiliary operators that dominate T^ m , and continue with norm estimates for those 
operators. As above we are led to consider projections onto ring domains. 

Part 1. Fix £ > and — i < m < 0. Let j G Z and choose a dyadic cube Q G Sj. Then form 
the collection of cubes 

U e , m (Q) = {K G S j+£+m : {fa, A j+i (h$)) + 0}. 
Observe that with the above definition of the collections Ui^ m {ff) the following identity holds 

?w/)=EE £ (/^)( A ^g ) )>^g ) igr 1 . 

j=~ooQeSj Keu itm (Q) ^ 1 



Part 2. Fix Q G Sj and .fT G Ui iUl (Q). To find the auxiliary operators we prove first that 



(A, +£ (^' 0) ),^) 



< C2 m |iT| 



(5.22) 



To see this make the following observation. First note that \Q\ = 2 n i and diam(fT) = 
y/n2~^~ m ~ i . Then observe that Aj + t(h,Q is supported in the ring domain D^Q) and estimate 



(A i+ *(/#),V*)| < C J \A j+e (h$>)\ 



<C\D e (Q)nK\ 

< C2- £ - j { diam(iT)) n - 1 

< C2 m \K\. 

For a cube if G U^ m {Q) its distance to Q is bounded by the C diam(Q). Hence, there exists 
a universal Aq so that for j G Z the collection <Sj can be split into 



c(i) c 
6 i '•••'^ 



(Ao) 



so that the sets {Ui^ m (Q) : Q G 5j s ' ) } are pairwise disjoint. Fix s < A and form the collections 

B s = [jS^. 

Note that \Ui, m {Q) : Q E B s } satisfies the conditions C I3 .91) and (I3.10p . Define 
F s (f) = 2 m Y,U,d Q )h Q \Q\-\ d Q = J2 h «- 

Q&Bs KeU ttm (Q) 

The integral estimates (I3.16p . (13.151) and (15.221) imply 



Ac 



\T, 



£,m \ \p 



< 



s lip- 



s=l 
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Part 3. It remains to estimate ||F s ||p. Notice that the collections U^ m (Q), Q G B s satisfy 
conditions (jO MPj) . Next apply Theorem O to S = 2- m F* and A = i + m. By duality this 
yields for F s the norm estimates on L 2 , H\ and BMO^ 

\\F S \\ 2 <C2^I\ \\F s \\ ul <C2 m , and H^Ubmo, < C2^~ £ >/ 2 . (5.23) 

By interpolation from (15.231) we get for 1 < p < oo and l/p+ 1/q = 1 that, 



IF II < 



Cp2 (m-e)/2 for p > 2 . 

C p 2™/ 2 -t/« for p<2. 



5.4 Estimates for T, (e) Rr 1 , ^ > 0. 



We give the norm estimates for T^R^^t > 0, e G *Aj , and 1 < z < We do this by reduction 
to the estimates for the operator Tjf',1 > 0. Strictly speaking we discuss the reduction to the 
proof given in the previous sub sections. We obtain a series representing T^R^, analyze the 

shape and form of the measures E io <9j/ig^ and describe how the convolution operator A.j + # acts 
on those measures. In the following analysis we also collect the information needed for the 
estimates of the T^R^ 1 when £ < 0. 



The representation of Tf R i . In Theorem 12.11 and Theorem 12.21 we aim at estimates for 
T^R^ 1 when e G Ai . Hence we seek an explicit expansion for T^R' 1 . By f l3T23|) we have 



^o 1 = Rio + E *o^ and T i )R io = T t ] K + rf%ARi- (5-24) 



i=l i=l 



Let j G Z. Recall that Sj denotes the family of dyadic cubes Q for which \Q\ = 2 n K Let 
Q G Sj, i 7^ Zq, and s G Ai . Then form 



k% l) = A j+e (e^q) ■ (5-25) 



Thus by fl5^4j) 



Tt ] R^(u) = T^RM + £ k% l) )h$\Q\-\ (5.26) 

QeS i=l 

Given the representation (15.261) we further analyze the functions {kg'^ : Q G S}. It is only at 
this point of our analysis that we exploit the fact that %q and e are related by the condition 

S G Ai . 
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The measures Ej 9jft,g . We defined Icq' 1 ' by a convolution operator applied to 

% ^ i , e e A io , 



Mi) 



E- F) h^ 



where di denotes the differentiation with respect to the x/i variable and Ej denotes integration 
with respect to the Xi — th coordinate, 



Eio (/)(*) 



x n )ds, x = (xi, 



X Tl 



Thus, Ej 9j/ig' ) admits a convenient factorization: Let x = (xi, . . . , x n ), then 



h £ ;°(s)ds 



[dthftxi)] \il{h? h (x k ) : k £ {i ,i}} 



(5.27) 



The properties of the three factors appearing in (15.271) are as follows. 
1. As e G Ai , we have e$ = 1, hence the first factor in ( 15.271) 



x 



id 



is supported in the interval Jj . Furthermore it is bounded by |Jj | and piecewise linear 
with nodes at l(I io ),m(I io ) and r(I io ) and slopes +1, —1 or 0. Here we let l(h ) denote the 
left endpoint of I io , and m(I io ), r(Jj ) denote its midpoint, respectively its right endpoint. 

2. The partial derivatives di applied to hA induces a Dirac measure, at each of the discon- 
tinuities of h £ /.. The resulting formulas depend on the value of £j G {0, 1}, since 



dih h = 5, 
dil u = 5, 



1(A) _ °r(Ii) 



25, 
5 r 



m(U) + Sr(h), 



In either case, for ip G C°°(M) the above identities yield the estimate, 

K^;^)l <2suJ ^zf )l --s,t,en\i i \. 



(5.28) 



3. The third factor in ( 15.271) is the function 



(5.29) 



It is piecewise constant and assumes the values { — 1, 0, +1}. When restricted to a dyadic 
cube W with diam(VF) < diam(Q)/2 the factor (15.291) defines a constant function. 

As a result of the above discussion E^c^/i^ is a measure supported on Q so that for any 
continous function on IR n , 



lOHWg^)! < \Q\ ■ IMU and (E io dM\l) = 0. 
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The convolution A-j+i acting on E io dih^Q . Recall that in (12.21) the operator Aj +e is given 
as convolution with dj + £ so that 

A J+e (E^dih^A = E^dih^ * d j+i , 

with 

supp d j+e C [-C2-V +£ >,C2-V +£ )] n , \d j+e \ < C2 n ( j+e \ Up(d j+e ) < C2 {n+l ^ +i \ (5.30) 
Moreover for 1 < i < n by (12.11) 

/ dj + f {x — y)yidyi = and / dj +i (x — y)dy = 0, x G M". (5.31) 

We derive next for kg its structural estimates concerning support, Lipschitz properties 
and pointwise bounds. It turns out that these depend critically on the value of sign (£) : 



the Haar function h$ ■ Fix leN and define 



1. The case £ > 0. For Q <E S and e G Ai let D^ e \Q) denote the set of discontinuities of 
D { [\Q) ={i6K": dist{x, D {e \Q)) < C2~ l diam(Q)}. 



Thus D t f\Q) is the set of points that have distance < C2 1 diam(Q) to the set of dis- 
continuities of hq\ 

Fix x D^\Q). As we observed in the paragraphs following (I5.27P there exist A G 
{—1, 0, 1} and a G K so that, 

E io h { *\y)=A(y io -a), for y G B(x, c2"^). (5.32) 
Combining now (I5.30P with (15. 31ft and we find 

^j+i(^i hQ ] )(x) = / d j+e (x -y)E io h ( g\y)dy 

= A / d j+i (x - y)(y io - a)dy ( 5 ' 33 ) 
= 0. 

Since Aj + e is a convolution operator it commutes with differentiation, and we obtain for 
x^Df{Q\ 

Aj+e^dih^x) = diA j+i (E io h^)(x) 

= 0. ( } 

Combining (15.341) with (I5.30p we obtain that the functions {kg'^ : Q G S, i ^ i , i > 0} 
satisfy the structural conditions 

supp k ( g' l) C D ( [\Q), \k% i] \ < C2*, Lip(fcg'°) < C2 2£ ( diam(Q))- 1 , (5.35) 

with C > independent of Q G S, i ^ i Q , or £ > 0. 
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2. The case £ < 0. In this case we use (15.281) and (I5.30p to see that the family {kg'^ : Q £ 
S, % 7^ i , £ < 0}, satisfies the following conditions 

supp kf ] C (C2^)-Q, < C2^ +1 \ Lip^g' ) < C2^ t+2 )( diam(Q))-\ (5.36) 

were again C > is independent of Q £ S, i ^ i , or £ < 0. 

Proposition 5.4 Lei 1 < p < oo. Let 1 < i ^ < n and e £ Ai . For £ > i/ie operator X 
defined by 

QeS 

satisfies the norm estimates 

WXW <{ C ^' 2 lf P " 2; (5 37) 

Proof. Recall the expansion (15.21) asserting that 

QeS 

where fg^ has vanishing mean and satisfies the basic estimates ( 15. 31) . 

snpp /« c D<f\Q), |/W| < C, Lip(/g) < C2<( diam(Q))-\ 

and where /^(Q) is the set of points that have distance < C2~ l diam(Q) to the set of dis- 
continuities of h^Q . Using only the scale invariant conditions (15.31) we proved that T^ £ \ (£ > 0) 
satisfies the norm estimates (15. 4p . that is, 



<e) << )C P 2^/ 2 for p>2; 

C p 2~ £ l q for p < 2. 

Observe that by (15.351) the functions {2~ e kQ^} satisfy the very same structure conditions (15. 3ft 
as {fq\}- Hence for the norm of the operator 2~ l X there hold the same upper bounds as for 
Tg , £ > 0. Consequently, the norm of X can be estimated as 



|X|L< 



C p 2^ 2 if p>2; 
C^/i if p<2. 



Proposition 15.41 in combination with ( 12.4ft and ( 15. 26ft implies that for £ > 0, 



| T ( £ )o-i N < )C P 2 e/2 if P>2; 
' 10 llpS ^C p 2^ if p<2. 
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6 The Proof of Theorem 



2.2 



In this section we prove Theorem 12. 21 It turns out that for £ < the norm estimates for T^R~^ 
and Tjf are much simpler than for £ > 0. Indeed for £ < the scale of Q G Sj is finer than 
the scale of Aj + i(~tiq) and the discontinuities of the Haar function are completely smeared out. 
We can therefore reduce the problem to estimates for rearrangement operators acting on Haar 
functions, treating T^R^ 1 and simultaneously by the same method. 

Let u be a smooth function with vanishing mean and compact support. Let i ^ iq and 
e G Ai . Then 

n 

T^RT\u) = TfR i0 {u) + £ k$0)hV\Q\-\ 

where 



k$<> = Aj+tfadihg), Q G S r 

Since £ < the functions {kg : Q G S, i ^ i Q , £ < 0}, satisfy conditions (15.361) . Recall also 
that 

Tt\ U ) = j2(uj Q £ \K ) \Q\-\ 

Qes 

where 

fq,i = Aj+*(Aq )> Q e Sj. 

It is easy to see that also the family {fn\ ■ Q G S ,£ < 0} satisfies the same structural 
conditions (|5.36p . that is 

supp /« C (C72W) • Q, \f Q %\ < C2-W(« +1 ), Iip(/W) < C2-l^" +2 )( diam(g))- 1 . (6.1) 

Proposition 6.1 If £ < £/ien 



u ^) D -in ^ J^2-Wp for p > 2 ; 

C p 2-W for p<2. 



\T\ e )\\ i I |7^W p-1 1 1 <■ 
1-^ I lp "r" II £ -"-io I IP — 



Proof. Let 1 < z ^ iq < n. Let Q £ S. Choose signs Sqj, €q G {+1, 0, —1} and form 



9Q,£ 



i=l, i^io 



(£,i) 



ZqJq%- (6.2) 



We emphasize that the definition of qq^ depends on the choice of signs Sq^, €q G {+1, 0, —1}; 
nevertheless our notation suppresses this dependence. Note that by (15.361) and (16. ip the func- 
tions {gQ/} are of mean zero and satisfy structure conditions, not depending on the choice of 
signs, namely 

supp g Q4 C C2^ ■ Q, \g Q4 \ < C2^ n+1 ^, Up(g Q)t ) < C2^ n+2 ^ diam(Q)- 1 . (6.3) 

Consider the rearrangement r : S — > S that maps Q G S to its \£\ — th dyadic predecessor. 
Let Qi, . . . , Q 2 n\i\ be the canonical splitting of S so that for fixed k < 2 n ^ the map r : Qk — > S 
is bijective. Fix k < 2 n ^L Determine the family {<f^ : W G S} by the equations 

= 2^ +1 Wg Q/ , Q G Q k . (6.4) 
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Thus denned the functions <pyj are of mean zero and satisfy the structural conditions 

supp <p$CC- W, \<p$\ < C, Lip(^) < C diam(^)- 1 . 
Define the operator 

k=i QeS fc 

Apply Theorem 14.21 to S with A = \£\. This yields 

H^lla < C 2 nW , \\S\\ H i < C 2 nW , \\S : BMO(M n ) -> BMO d \\ < C \£\ 1/2 2 nW . (6.5) 

Note that by (16.21) and ( 16. 4ft the algebraic definition of the operator 5 depends on the choice 
of signs 5Q t i,eq G {+1,0,-1}, yet by ( 16. 5ft our estimates for ||5||p are independent thereof. 
Let g E L p . Depending on g we choose 5^^, €q G {+1,0,— 1}, hence S", so that 

\\Tt\9)\\ P + \\T} £) R^( 9 )\\ P < C p 2-^WC4S\\ p \\g\\ p . (6.6) 

Consequently, our upper bounds for ||TJ, || p + H^^-R^Hp follow from (16. 5ft . Indeed, by inter- 
polation and the estimate \£\ x ' 2 < 2^^ 2 , (16. 5p and (16. 6p imply that 

|| T W|i , u^jrm < {CJ->W* for p>2; 
\\1 £ Wp+wit n io IIpS<^ 2 _ w for v ^ 



7 Sharpness of the exponents in Theorem 11.1 



In this section we construct the examples showing that the exponents (1/2,1/2) respectively 
(1/p, 1/g) are sharp in the estimates of Theorem ll.il 

iip (£) Hii P <^ikiiy 2 p,,(«)iiy 2 , p>2, (7.i) 

and 

\\P^\u)\\ p <CM\l /p \\Rio(u)\\ l p /q , P<2, (7.2) 

where 1 < i < n and e G Ai . 

When we say that we obtained sharp exponents in Theorem II .11 we mean the following: Let 
i] > 0. Since the Riesz transform is a bounded operator on L p (l < p < oo), replacing in (17. ip 
the pair of exponents (1/2, 1/2) by (1/2 — r), 1/2 + 77) would lead to a statement that implies 
(17.11) . hence would yield a stronger theorem. Our examples show, however, that improving the 
exponents in the right hand side of (17.11) is impossible. (The same holds for (17.2)) .) Specifically 
we have this theorem: 



Theorem 7.1 Let 1 < i < n, and e G Ai . Let 1 < p < 00, l/p+ 1/q = 1. and 77 > 0. Then 

\\P {£) (u)\\ P 

IP 2 ~ V \\Ria( u )\\P 

and 



su p ,, ..1/2-^,1 p ; Li/2 +v = 00 p ^ 2 ' ( 7 - 3 ) 



sup l7 l|jP(£)(M)llp 1/+ =00, p < 2. (7.4) 
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For simplicity of notation we verify Theorem 17.11 only in the case when n = 2. The passage 
to arbitrary n G N is routine and left to the reader. Moreover we carry out the proof of 
Theorem 17.11 with the following specification 

n = 2, i = l, £ = (1,0). (7.5) 

Throughout this section we assume (17. 5ft and put 

P = p(i,o)_ 

We obtain Theorem 17. II by exhibiting a sequence of test functions for which the quotient in 
(17.31) respectively (I7.4p tends to infinity. On each test function we prove lower LP bounds for 
the action of P and upper L p estimates for R\. In sub-section 17. II we define building blocks s®d 
and the test functions f e using a procedure that resembles that of adding independent copies of 
the basic building blocks. The proof of ( 17.31) requires upper estimates for ||/ e || p and ||i?i(/ £ )|| p , 
that we prove in sub-section 17.21 and a lower estimates for ||P(/ e )||p obtained in sub-section 17.31 



7.1 The building blocks s ® d. 

We build the examples showing sharpness of exponents on the properties of the functions s®d 
defined here. Throughout this section we fix e > 0. 
Let A, B be Lipschitz functions on M. Assume that 



supp AC [0,1], J A = and supp 5 C [-1,1]. 



(7.6) 



Given x — (xx, x 2 ) we define 

s(xi)=A(xi), d(x 2 ) = B(x 2 /e), 
s ® d(x) = s(xi)d(x2). 

We rescale g = s <S>d to a dyadic square Q = I x J as follows. Let lj, lj denote the left endpoint 
of I respectively J. Put 



s/(xi) = s( 1 J ), dj(x 2 ) = d( 



\J\ 
and 

g Q (x) = s I (x 1 )dj(x 2 ). (7.7) 

We next define the testing function f e that is obtained by first forming "almost independent" 
copies of g = s ® d and then adding - of those. Below we define a collection of dyadic squares 
Q and form 

h = Y,9Q- (7-8) 

Qeg 

To define Q we proceed as follows. Fix j e N. Let T>j denote the collection of dyadic intervals 
/ satisfying 

/ C [0, 1] and |/| = TK 
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Let Cj C T>j satisfy 

I,J E Cj implies dist(J, J) > (7.9) 

and 



To define simply take the even numbered intervals of TV,-, counting from left to right. Next 
assume that e > is power of 1/2, thus 

e = 2~ n ° for some n G N. (7.11) 

For 1 < k < 1/e put 

ye 

Qk = \J{I x J : I G V 2 kno, J e £ 2 fcn } and £ = (J £ fc . 

fe=i 

Observe that \Q\ = e Ak for Q G </ fc , and by (17TT0D 

IQI = | ^d £|QI = ^- ( 7 ' 12 ) 

Qeg k Qeg J 



7.2 Upper estimate for ||/ e ||p and \\Ri{f t 



e / IIP" 



We obtain our L p estimates of f e by proving an upper bound for its norm in the space dyadic 
BMO. These in turn follow from scale- invariant L 2 estimates and " almost orthogonality" of 
the functions ^ 

9Q> k - 



Qeg k e 



Proposition 7.2 Let f e be defined by (17. 8p . T/ie support of f e is contained in [—1, 1] x [—1, 1] 
and 

\\M\bmo a <C. (7.13) 

#ence ||/ e || p < C p . 

Proof. Let Q G Q and form g = J2{Qeg qcq }9q- The BMO^ inequality (I7.13P is a conse- 
quence of uniform L 2 estimate 

\\g\\^ < C\Q \, (7.14) 
in combination with the Lipschitz estimates, 

E HW^Q - m Qo(^))IU 2 (R 2 ) < Ce|Qo| 1/2 , (7.15) 
{Qee,IQI>IQo|} 

where rnQ (go) = \Qo\~ 1 Jq 9q- In two separate paragraphs below we will verify that (I7.14p 
and (17.151) hold. Before that we show how these estimates yield (17.131) . Let 

1C = {W eS:3e (f e ,h$)?0} 
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Let W be a dyadic square with \W\ < 1/4, then J w f e = 0. Hence for W G /C, diam(W) < 1. By 
f)3.26p . to estimate the BMO^ norm of f e it suffices to test the cubes of JC. Next we fix a dyadic 
square W G /C. Since diam(W) < 1 we may choose G No such that e 2 ( fc+1 ) < diam(VK) < e 2k . 
Define a decomposition of Q as Q = Hi fl 7^2 U H3 where 

Hi = {Q e Q : diam(Q) = e 2k , Q n 2 ■ W ^ 0}, 

H 2 = {Q G 6? : diam(Q) > e 2{k ~ l \ Q n 2 ■ W ^ 0}, 

and 

H 3 = {Q G Q : diam(Q) < e 2 (* +1 >, Q n 2 • W ^ 0} 

Accordingly let 

QeHj 

The cardinality of Hi is bounded by C. Hence ||l^i|| 2 < C|T^| 1/2 . With A = \\V\~ 1 f w g 2 , and 
triangle inequality (I7.15P gives J w \g 2 — A\ 2 < Ce 2 \W\. The estimate (I7.14p implies 1 1 1 vi^^73 1 1 2 < 
C| Vt^| 1//2 . To see this let M. denote the maximal squares of H3. The collection A^(C H 3 ) consists 
of pairwise disjoint squares so that 

E \Qo\<c\w\. 

Qq&M 

Next write G Qo = J2 Q eH s ,QCQ 9q, to obtain 

93= Yl G Q° and 11^111= Yl W G Qo\\l 

QoeM QoEM 
Apply fT7TT4|) to G Qo to obtain 

\\9s\\i<C J2 l^ol 

QoeM 

< c\w\. 

Finally \\lw9sh < \\9sh < ClW^ 2 . 

Moreover for t G W there holds the identity 

f e {t)= 9l {t)+g 2 (t) + g 3 (t). 

Invoking the estimates for gi,g 2 ,g3 we obtain 

/ \h-A\ 2 <C\W\. 
Jw 

By fl3T25|) this estimate yields (177131) . 
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Verification of (17.141) . By rescaling it suffices to consider Q = [0, 1] x [0, 1]. For Q,Q' G Q 
with \Q\ = \Q'\ and Q ^ Q' we have (gQ,gQ>) = 0. Hence the left hand side of f )7.14p equals 



X^Q,#Q> + 2 Yl (9Q,9Q')- 
Qeg {<2,Q'eS:|Q|<|Q'|} 



(7.16) 



In view of (17. 161) we aim at estimates for the entries of the Gram matrix (^q, <?q'). 

We first treat the diagonal terms of the Gram matrix. A direct calculation gives {gQ,gQ) = 
e|Q|/4, hence by ( 171211 

£>q,0q><C. (7-17) 

Qeg 

Next we turn to estimating the off diagonal terms. Consider Q,Q' G Q such that \Q\ < \Q'\. 
Write Q = I x J and Q' = V x J'. Note, first if dist(Q, Q') > 2 diam(Q') then (g Q ,g Q >) = 0. 
Hence it remains to consider the case dist(Q, Q') < 2 diam((5')- Let // denote the left endpoint 
of /. The Lipschitz estimate Lip(s//) < ClI'l^ 1 and that f \dj(x 2 )\dx2 < e\J\ imply that 



\{9q,9q')\ 



[sp(xi) - s I >(l I ))s I (x 1 )dx 1 



dji{x 2 )dj{x 2 )dx2 



(7.18) 



Since Q = I x J e Q there exists k G N so that |/| = e 2k . Hence for Q' — I' x J' G Q with 
\Q'\ > \Q\ there exists k' e N with fc' < k - 1 so that |/'| = e 2k \ and \I\/\I'\ = e 2k ~ 2k ' . Note 
that for each Q G Q the cardinality of the set 

{Q'eG: \Q\<\Q'\, (g Q ,g Q >)^0} 

is bounded by Ci, say. Consequently in the double sum appearing on the left hand side of 
(I7.19p . for each Q only C\ cubes Q' give a contribution. Thus by (17. 1 8[) 



k-i 



{Q,Q'eg:|Q|<|Q'|} k'=l Qeg 

<Ce 3 J2\Q\- 

Qeg 



(7.19) 



By ( 17~T2|) the last line in (177191) is bounded by Ce 2 . Combining (177171) and (177191) gives (177141) . 



Verification of flTTToD . Fix Q,Q E G so that |Q | < \Q\ and dist(Q,Q ) < C diam(Q). 
Then 

I|1qo(^q-^qoW)I|2 < CLip(^) diam(g )|g r /2 . (7.20) 

Moreover if Q,Qo G Q so that |Q | < \Q\ an d dist(Q, Qo) > C diam(Q), then 

\\lQ (g Q -m Qo (g Q ))\\ 2 = 0. (7.21) 
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Note that Lip(gg) < C(e diam(<5)) 1 . Since Q, Q e with |Q | < \Q\, there exists fe, fco £ 
with fc < k — 1 so that diam(Q ) — V% • e 2fc ° and diam(Q) = \/2 • e 2fc . The cardinality of 

{Q G : diam(Q) = V2 ■ e 2k , dist(Q, Q ) < Cy/2 ■ e 2k } 

is bounded by a constant C. Hence by ( I7.20p and (I7.2ip . 

E l|lQo(^-^Qo(^))l| 2 <Ce|g o r /2 . 

{Qe6,|Q|>|Qo|} 

Thus we verified (I7.15p . 

■ 

We emphasize that the above upper bound on ||/ e || p works when the test functions g = s<g>d 
and its rescalings gQ = sj ® dj are defined with Lipschitz functions A, B satisfying (17. 6|) . that 
is, supp A C [0, 1], J A = and supp B C [—1, 1]. We next impose furthermore that 

A' is Lipschitz and J B = 0. (7.22) 

Proposition 7.3 Let f e be defined by (17.81) . assume that (I7.22p and (17. 6p hold. Then for 
1 < p < oo, 

||i2i(/ e )|| p <C p e. 

Proof. The Fourier multipliers of the Riesz transforms R\ respectivley R 2 are £i/|£| and 
£ 2 /|£|. Hence using (17.221) for gq = sj <S> dj we have the identity 

Ri(9q) = R 2 (diE 2 g Q ), (7.23) 

where d\ is differentiation with respect to the variable X\ and E 2 ^q(xi,x 2 ) = f* 2 gq(xi,s)ds. 



-j- 2 
-00 

Define now 



s(xi) = A'(xi), d(x 2 ) = C(x 2 /e), C(t) = / 5(s)ds. 
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Let s/,dj be obtained from s(xi), d(x 2 ) by rescaling, 

s I (x 1 ) = 5(^|yp), rfj(x 2 ) = d( X2 lj ), 

where li, lj denote the left endpoint of I respectively J. Then with gQ = si ® dj the identity 
(I7.23P assumes the following form, 

R 1 (g Q ) = eR 2 (g Q ). (7.24) 

By (17.221) the Lipschitz functions A',C satisfy ( I7.6p . Hence Proposition 17.21 implies that 
/ e = X^Qeg 9Q sa ti snes the L p estimate 

|| fe ||p < C p . 

By (I7.24p we have Ri(f e ) = cRvife)- Hence the LP boundedness of the Riesz transforms yields 

\\Rx{f,)\\ v <4Mh)\\v 

— Cp e ll/e|lp 

<C p e. 
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We remark that the proof given above containd the following estimates estimates that we 
will use again later. For g = s (8) d and g = s <g> d, 

\\Ri(g)\\ p = e\\R 2 (g)\\p 

< eCp\\g\\ P (7.25) 

< C p e 1+1 ' p . 

7.3 Lower bound for \\P(f e )\\ p , p > 2. 

We first specialize once more the class of Lipschitz functions A, B we use to define 

s(x 1 )=A(xi), d(x 2 ) = B(x 2 /e) 

g = s(g)d and f € = ^2g Q . 

Qeg 

We simply take now 

sin(7ra;2) x 2 E [-1, 1]; 

o i 2 eR\[-M]. 

and choose A to be smooth, so that supp A C [0, 1], J A — and 



B{x 2 ) 



\ A(x 1 )h [0t i](x 1 )dx 1 = / sm(27rx 1 )h [ o A] (x 1 )dx 1 . 
Jo Jo 

The following list of identities relates the Haar functions {hg' ^} to the test functions {go). 

1. The scalar products (5 , q,^q' ' ) ) and (gQ,gQ) are as follows, 

J ' 9Q(x)h ( Q'°\x)dx = e-^ and J g Q (x)g Q (x)dx = e-j-. (7.26) 

2. Let Q' = I x J', be a dyadic square where J' is the dyadic interval adjacent to J so that 
the right endpoint of J is the left endpoint of J'. Then 

/ 9Q'(x)h ( Q 0) (x)dx = - / g Q (x)h { Q ,0) (x)dx 

4|Q| < 7 ' 27 > 



— e- 



7T 2 



3. For all choices of Q' — I x J' with \ J'\ = \ J\ and dist(J, J') > \ J\ we have 

J g Q >(x)h { Q'°\x)dx = 0. (7.28) 

4. If Q, Q' G S so that |Q'| < \Q\ then 



»<y(x)/ig' o) (x) = 0. (7.29) 
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We consider p > 2. Since P(f e ) is compactly supported, lower LP estimates for P(f e ) result 
from lower L? estimates. We obtain the latter by exploiting again the fact that {gQ : Q G Q} 
is an "almost orthogonal" family of functions. 

Proposition 7.4 Let f e be defined by (17.81) . The support of P(f e ) is contained in [—1,1] x 
[— 1, 1] and 

\\P(fe)h> C6 1 / 2 . (7.30) 

Hence for p> 2, ||P(/ e )|| p > ce 1 / 2 . 
Proof. By Bessel's inequality, 

E^CViQr^iiwjur (7.3i) 

Qeg 

Using f)7.3ip and (17.121) we prove below that (17.301) follows from the following lower estimate 
for the Haar coefficients 

|(/e,/4!* 0) >|>ce|Q| for QeQ. (7.32) 
To prove (I7.32p . fix a dyadic square Q = L x J with Q G Q. Write the Haar coefficient as 

(fe,h$ 0) ) = (g Q ,h^)+ Yl (9q>Mq> 0) )- (7.33) 

Q'£G\{Q} 

Recall (I7.26P asserting that 

(g Q ,h^) = eA\Q\/7r 2 . 

Next we show that the off diagonal terms in (I7.33P are negligible compared to (gQ, hg' ^). We 
claim, 

£ \(9Q',h^ 0) )\<Ce 2 \Q\. (7.34) 
Q'£G\{Q} 

The first step in the verification of the claim consists in observing that the only contribution 
to (EMD comes from the index set {Q 1 G Q \ {Q} : \Q'\>\Q\}- Indeed, if Q' G Q, Q' ^ Q and 
|Q'| = \Q\ then fl7~28l) in combination with (jZ3) implies that (g Q ',h { Q ,0) ) = 0. Also by fl7~29l) 

for Q' G G and \Q'\ < \Q\ we have (g Q ,, h^} = 0. 

Next we provide an estimate for the contribution to ( 17.341) coming from {Q' G Q \ {Q} : 
|(5'| > |Q|}. Choose fceNso that |Q| = e 4fc and let fc'eN satisfy k' < k. There exists at most 
one square Q' G Q satisfying 

|Q'|=e 4fc ' and (g Q ,, h^ 0) ) ? 0. 

Next fix Q' = V x J' with |Q'| = e 4fc ' and fe' < fc. Write Q = L x J and Q' = V x J'. Let h 
denote the left endpoint of J. Recall that Lip(s//) < and f \dj(x2)\dx2 < C\J\. Hence, 



\(9Q>Mn fi) )\ 



s I -(x 1 ) - sril^h^x^dx] 

<C\L\ ■ \r\- l \Q\ 

= Ce 2k - 2k '\Q\. 



dj<(x 2 )dx 2 



(7.35) 
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By definition of g Q > and /i£' 0) if \Q'\ > \Q\ and (g Q ,, fcg ,0) ) ^ then dist(Q', Q) < C diam(Q'). 
It now follows from (17.351) that for any Q e G, 



k-l 



W'e6UQ'l>IQ|} fe'=i ^ ' 

< Ce 2 |Q|. 

Thus by (I7.36P we verified the claim (17.341) . Hence we have (17.321) . It remains to show how the 
coefficient estimates (17.321) imply the norm inequality of (17.301) . Using first (I7.3ip then (I7.32p 
and (17.121) we obtain 

IIWe)||^>ce 2 ^|Q| 

Qeg 

> ce. 



7.4 The proof of theorem 17.11 . 

We choose Lipschitz functions A, B with specification of the previous sub-section and define 
testing functions g = S[o,i] <S> c?[o,i], fe as above. 

Consider first the estimate (I7.4p of Theorem 17.11 Let 1 < p < 2. Fix rj > 0. Let g = 
S[o,i] <8> d[o,i] be defined by (17.71) . Since g is bounded and supported in [0, 1] x [— e, e], we have 

\\g\\ P < (7.37) 
Next observe that for the square function S(P(g)) we have the obvious estimate S(P(g)) > 
K^'i [x[o,i[>l- Next recall that \\P(g)\\ p ~ ||S(P(p))|| p hence \\P(g)\\ p > c\(g,h§f [x[0>1[ )\. By 
(I7.26p . we have (#> ^[o^xjo^) = 4e/V 2 , hence 

\\P(g)\\ P >ce. (7.38) 

By (T7\37j) and (17251) 

\\g\\y^\\R x {g)\\l^ <Ce l+ \ (7.39) 
Combining (TT3gD and (17^]) yields 



\P(g)\\ P 



IgWl^WRiig)^ 



> ce"". 

Since 77 > is fixed and e > is arbitrarily small we verified ( 17.41) . 

Next we turn to the case p > 2. The test function f £ is defined by (17. 8p . Proposition 17.21 
and Proposition 17.31 give the upper bounds 

||/e|| P <C p and ||#i(/e)|| P <C p e. 

Hence for 77 > 

n/ e |i; /a - , 'iii2i(/ e )iii^<Cpc 1 ^. 

By Proposition 17.41 we have the lower estimate 

\\P{h)\\ P >c p e x '\ 

so that 



\\P(fe)\\ P 



> c n e- r >. 



1/2-J7II d If M|l/2+»? - p 
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